are new and improve the available lower bounds for dyax(n; k). The parameters of our codes
that improve the values of the table of binary linear codes with n << 127 and k <127 from
[1] are given in the accompanying table. Linear [55, 7, 25], [56, 7, 26], and [57, 7, 26]
codes are mentioned in [2], (p. 657).
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TWICE~UNIVERSAL CODING

B. Ya. Ryabko ‘ UDC 621.391.15

Assume that A is a finite alphabet; Qi is a set of Markov sources of connectedness
i that generate letters from A(i = 1, 2, ...); and Qo is a set of Bernoulli sources.
A code is proposed whose redundancy as a function of the block length on each Qi is
asymptotically as small as that of the universal code that is optimal on Qi (i = O,
1, 2, ...). A generalization of this problem to the case of an arbitrary countable
family of sets of stationary ergodic sources is considered.

Assume that Q. is the set of all stationary ergodic sources that generate letters from
some finite alphabet A. Noiseless block code £ is called universal [1] or strongly universal
[2] on the set of sources Q<. if, with increasing block length n, the redundancy, i.e., the
difference between the mean length of a code word(c.(2, ®)) and the entropy (H(w)) for each
0€Q,"  converges to 0, this convergence being uniform with respect to w € Q. If, however,
the convergence is not uniform, the code is called weakly universal [2]. Assume that {Q@}, A€A,
is a finite or countable family of sets of sources, for each of which there exists a strongly
universal (SU) code. By g+ we denote the SU code that is optimal on Q), i.e., a code for which
R.(2, Q) =sup{c.(¥, ©)—H(o), 0€Q,} is minimal for block lemgths n =1, 2, ... .

In this paper we propose a code W(A) such that for all A € A and n > 1 we have the
inequality

R.(W(A), u)<R, (%, Q)+c(d)/n,

where c¢()) is independent of n. Thus, W(A) on each Q), X € A, is asymptotically just as
efficient as the code that is optimal on Q). Code W(A) possesses two additional properties:
1) if for some QcQ. there exists an SU code, then W(A) is an SU code; on all Qx code W(A)
is weakly universal. (Note that mo SU code exists on Qe [3].)

Consider the following example. Assume that ©,Q« is a set of Bernoulli sources, while
0.cQ.(>0) is a set of Markov sources of connectedness (or memory) i. Asymptotically opti-
mal SU codes for Qo [1, 4] and ﬁi(i > 0) [5, 6] are known. The redundancy of these codes,
as a function of the block length n, is
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(14]—1) |4|'log n/2n+0(1/n) (1)

as n—+®, i =0,1,.... (Hereand henceforth, lA| is the power of A, log x T log.x.) A
weakly universal code on @, was first constructed in [7]; its redundancy on Qi is

(]4]—1)]41 (log n)-(p(n)/n+0(4/n\ 2
where n ~ e, i =0, 1, ..., ¢ (n) increases without limit as n -+ <. This is also true for

other known codes that we weakly universal on o and were given in [3, 8]. As can be seen
from (1), the redundancy of a universal code depends significantly on the source memory.
However, information on the source memory may not necessarily be known exactly, but may be
given, e.g., in the form of the inequality 0 <1i < y. For y < «» we can employ a code that
is optimal on 2, but on Qo the redundancy may exceed the minimum value by a factor of

IA|Y . If, however, y = », i.e., it is known only that the source memory is finite, then
only codes that are weakly universal on {w can be employed for data compression. Then, as
can be seen from (2) and (1), the redundancy as n + = will have a higher order than that of
the optimal code_ for ﬁi' The redundancy of the code proposed in this paper, as constructed
for the family {93}, i = 0, 1, ..., is not greater than

(j4]|—1) 4] log n/2n+c(i)/n

on each 'éi’ i=0,1, 2, ...; here c(i) is independent of n. Thus, the redundancy of this
code coincides asymptotically with (1) — i.e., the redundancy of the optimal code on @ -
for alli = 0, 1, ... . The proposed code is twice universal: it is efficient not only for
unknown probability characteristics of the source but also for unknown source memory.

Let us give some exact definitions. For integer n = 1 and source ©fQ. we denote by
Hp(w) the n-th approximation to the entropy, and by H(w) the entropy of w. For alphabet A
and integer n > 0 we denote by AT the set of all words of length n over alphabet A; we set

A'={4" Assume that &, is the set of all mappings ¢: 4"—~{0, 1}* such that @(z)#o(y) for x # vy

n=t
and Q(AR) is a decodable (separable) code. The sequence of mappings {@a}, n=1, 2,..., will be
called a code if ®€Q,for n = 1, 2, ... . When no confusion results, we will also call @,

a code. TFor 0€Q, and z64"(n>0) we denote by p,(x) the probability with which @ generates x.
The cost and redundancy of code ¢={@.}, n=1, 2,... what we call the quantities

& (@ 0) =17 N pu(@)| G (@], 72 (92 90) = 0 (31 ) — H () (3

x=Am

forn=1, 2, ... . (For word x, we denote its length by Ix] .) The redundancy of ¢ on the
set of sources Q. is the quantity

R, (u, Q) ==SuP{"n(‘CP, ﬁ)), QEQ} (4)
forn=1, 2, ... . We also define
R, (Q)=inf{R,(Q., Q), ¢.60,}. (3)

Code 9={@.}, n=1, 2,... will be called optimal on Q=Q.if for all n we have Rp(gn, %) = Rn(2).
We note immediately that an optimal code exists for any Qc=Q. . By Vi we denote the optimal
code for set fak of Markov sources of connectedness k, k = 0, 1, 2, ... (530 are Bernoulli

sources). 1t is known that for any @6Q, and any k = 0, 1, 2, ... we have the inequality
n (Pr, @) <Hp(0)+(]4|—1) |4|*log n/n+0 (1/n) (6)

as n >« [5, 6]. In what follows we will employ the decodable mapping v of the set of natural
numbers onto {0, 1}*, constructed in [9]. For it we have the following inequality as 1 -+ :
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|v(i) |<log i+O(loglog i). 7

The basic result of this paper is the following theorem.

THEOREM. Assume that A is a finite alphabet; {Qi}s i=1, 2, ..., is a finite or count-
able family of sets of stationary ergodic sources that generate letters from A, such that a
strongly universal code exists for every Qj. Then there exists a code W with the following
properties:

1) on each Q; the redundancy of W asymptotically coincides with that of the optimal
code on R4, i.e., for all i = 1, 2, ...

R.(Wa, Q)<R(Q:)tc(i)/n (8)

forn=1, 2, ..., where c(i) is independent of n;

2) if for some family of sources Qcf. there exists a strongly universal code, then W
is also strongly universal on §;

3) code W is weakly universal on Q-

Remark. In the case of a countable alphabet A, when the remaining conditions of the
theorem are satisfied, there exists code W that possesses property 1.

Proof. First let us consider the case of a couhtable family {Qi}, i =1, 2, ... . We
number the elements of this family by odd numbers, beginning with 1. Assume that, as before,
3, § = 1, 2, ..., is the set of all Markov sources of memory j; o is the set of Bernoulli
sources. We number them using even numbers such that Q: corresponds to 2j(j =0, 1, ...J).
Assume that {Zj} i =0, 1, ... is the union of families of sources {Q;} andv{ﬁi} with the
above numbering, i.e.,

Q(H—i)/z, i=1, 3, 5, seay

o
' .Qi/z, i‘-—-“O, 2, 4, “e (9)
Assume that &'={L"}, n=1, 2,... » is the optimal code on Ij for i =0, 1, 2, ... . For each
integer n > 1 and x € AR we define
m(z) =min{|Li(z) |+]v(d)|, 1=0,1,..}, (10)
k(z) =min{j; |L!(z) [+ |v(j) [=m(2)}. (11)
We define the mapping Wp: AT - {0, 1}* as féllows:
W..(2)=v(k(2)) i (2) | (12)

for all x 6 AR. (The right side of (12) contains a concatenation of two code words.) We
note immediately that W, is a decodable mapping, since V and Zg(x) are decodable. The se-

quence of mappings {W,}, n =1, 2, ..., will be code W.

Let us prove the first assertion of the theorem. We fix arbitrary n>1, i1 and x €AD.
We have the following chain of inequalities, from which expression (8) follows:

R, (W, Q)= R, (W, Zs,) =sup {77.'-1 g Po (2) | Wa(2) | —H(e)ho0& E”"l} <

x=A"

<supli( B po@) (@) |+ v @i— D)= H (@) 0€ 2} <
xcA™
<sup (I po @B @)]) — H (o) 0 =2} +
x=A" .

v (@ —1) |t = Ry () + [0 Ri— ) |0 = R, () + v (@i —1|n7h

The first equality follows from (9), the second from definitions (3)-(5); the first inequali
follows from (10)-(12), while the second inequality is obvious; and the last two equalities
follow from (3)-(5) and (9) respectively.
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Let us now prove the second assertion of the theorem. TFor this we emp loy the existence
criterion for an SU code from [3]: for a set of sources Q=Q, an SU code exists if and only
if Hy(w) converges to H(w) (as n » «) uniformly with respect to ®w€Q . Assume that Q=Qe and
an SU code exists for Q. We take an arbitrary € > 0. In view of the existence criterion for

an SU code, there exists a k such that for n > k
sup{H, (o)~ (0), 06Q)}<e/2. (13)
The following chain of inequalities is valid:

R (W, Q)==sup {n,'l Z Po ()| w, (2) | — H (0), > = Q} <

xz=A™

<sup {7t }7 po(2) (1 @) |+ (v @) — Hy (o), 0= 0} +
xzA®

+sup (H;, (0) — H (), w = Q) < (| A| — 1) | A[ Log n/n -

+ O /n) 4 v (2k) | n™t 4 /2 < &/2 4 O (log n/n).

The equality follows from from definitions (3)-(5); the first inequality follows from (10)-—
(12) and a well-known property of the upper bound; the second_inequality follows from the
fact that {an}, n=1, 2, ..., is the optimal code on I.i = @i from (6) and (13):; and the
last inequality derives from (7). Thus, there exists an n(eg) such that Rp(W, Q) < ¢ for

n > n(e). 'Since & is arbitrary, the second property of code W has been proved. The proof
of the third assertion is similar to the one just considered (in effect the third assertion
is a particular case of the second ome for |Q] = 1).

The case of a finite family can readily be reduced to one considered by adding a count—
able family of sources to {Qi} (say {Qi}). The theorem has thus been proved.

In concluding we should note that the problem of constructing a twice-universal code,
i.e., one that is asymptotically optimal on a countable class of sources, has not been
considered earlier. However, the method used above to solve this problem is a familiar one
in information theory. It was evidently first employed in [10]. Similar methods have also
been employed to construct universal codes: the combinatorial methed [7]) and the maximum-
likelihood method [5]. The latter method was employed in [11] to obtain a code similar to
W for the adaptive (with respect to complexity) coding problem. Moreover, a code analogous
to W can be constructed by the method of averaging over families of sources [12].
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STGNAL PROCESSING BY THE NONPARAMETRIC MAXIMUM-
LIKELIBOOD METHOD

A. S. Nemirovskii, B. T. Polyak,
and A. B. Tsybakov UDC 621.391.1:519.27

The authors propose a class of estimates that are a generalization of maximum-likeli-
hood and M-estimates in the nonparamagnetic regression problem. Existence conditions
and calculation methods for such estimates are considered, and it is shown that they
are consistent.

1. INTRODUCTION

The maximum-likelihood method is usually regarded as a method of estimating finite-
~dimensional parameters. When generalized to nonparametric (infinite-dimensional) problems,
a primary question concerns the form of the maximum-likelihood estimates (MLE), and how to
calculate them. It is also of interest to determine the conditions under which. nonparamagnetic
MLE are consistent, and to what extent they are efficient as compared to other estimates.
In this paper, we will consider these issues in relation to the problem of nonparamagnetic
regression, i.e., reconstruction of a function on the basis of its values observed with errors.
The observations have the form ' ‘

y=f(z)+E&, i=1,...,n, (1.1)

where xi{ are observation points belonging to some set X; £% is an unknown function, X > R',
£i & R' are independent identically distributed (IID) random errors that have distribution

function G. Generally speaking, the xi are random quantities. Regarding f* it is known only
that it belongs to a specified class Z.

Consider the following estimate of f*:

- (1.2)
= i Flyi—f(x:)). ’
f arglgl;l ‘E‘, (yi—f(2))

Here F: R* >~ [0, +=] is some estimation function and argmin J(f) denotes the solution of the
extremal problem fex

1= Y, F(y—i (@)~ min. (1.3)

==
If F(y) = —In(dG(y)/dy), then estimate (1.2) is an MLE. Estimate (1.2) can be inter-
preted as a generalization of Huber's M-estimates [1].
Let us give some examples of classes&.

1. & is a parametric family, F={f: f(z)=¢(= 9), 068}, where g(-, -) is a known func-
tion and O=R" is the set of parametric values. Then estimate (1.2) has the form fn(x) = glx,
8n), where the quantity
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