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Abstract—Systems with cash memory (or more generally, with distributed memory) are very
widely used in information technologies. Such are content delivery networks (CDN) of various
types, which deliver digital movies, books, and similar content; peer-to-peer (P2P) networks,
where millions of members exchange various information; and many other systems and devices
of this kind. We introduce the notions of capacity and entropy eﬃciency for distributed memory systems, propose methods for estimating these quantities, and give an example of their
application.
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1. INTRODUCTION
Distributed memory systems appeared, apparently, with appearance of computers; in the very
ﬁrst models of the latter there were several memory types (or storage units): the so-called random
access memory (RAM), magnetic storage, and magnetic tape. This diversity was due to the fact
that diﬀerent memory types diﬀered in reading and recording rates, as well as in storage capacity,
or space: the higher the rate, the less the space.
At present, there are a huge number of distributed memory systems, starting from cell phones,
where several levels of the so-called cash memory are used, and ending with info-telecommunication
networks of various purposes, among which we mention, as examples, CDN (content delivery network) and P2P (peer-to-peer) networks, used in particular for distribution of movies, books, and
other content of this kind. In CDN networks there is usually a central server, where all available
data are stored (for instance, all movies belonging to this company), and also “mirror,” or local
servers, storing the most popular (called-for) content.
When a user requests for a movie, ﬁrst an inquiry is made whether it is present at the nearest
local server, and only if this is not so, the request is sent to the central server. The purpose of such
a structure is clear: data transfer from a closely located mirror server takes much less time than
transmission from the central server. As a result, the average delivery time reduces.
As is seen from the above examples, distributed memory systems are used very extensively;
numerous companies develop and exploit them. This, in turn, attracts many researchers to study
questions of constructing and optimizing distributed memory systems. Among numerous works
devoted to this subject, we note papers [1, 2] on distributed memory in networks.
It is important to note that, despite numerous works devoted to the analysis of distributed
memory systems, many fundamental problems in this ﬁeld remain unsolved. For example, there
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Example of a distributed memory network: M1 and M2 are memory units;
P1 and P2 are reading/recording devices (processors).

are no methods to estimate theoretically (analytically) the capacity and eﬃciency of concrete distributed memory systems. In particular, it is not possible to estimate theoretically (analytically)
the impact of changes in memory size for various memory types on the network capacity, which,
of course, substantially hinders the development and design processes. It should be noted that
before the paper [3] appeared, the same situation was with computer designing: the impact of
changing some parameters (in particular, characteristics of cash memory) was only estimated experimentally, which, of course, considerably complicated the process of developing new models.
In the present paper we propose a new approach to estimating the performance of content
delivery networks with distributed memory (CDN, P2P, etc.). In the framework of this approach,
we introduce the notions of capacity and entropy eﬃciency of a distributed memory network, which
are close to classical information-theoretic notions of the channel capacity and channel transmission
rate introduced by Shannon in his seminal paper [4]. Note also that in [3, 5] this approach was
used to estimate computing capacity and eﬃciency of computers, which for the ﬁrst time allowed
to estimate these characteristics for real computers theoretically (analytically) [5] and even use
them to predict changes in future models [6]. In particular, methods proposed there allow also
to estimate the impact of diﬀerent memory types on the computer capacity; therefore, we do not
consider this problem here.
The notions and methods proposed in the present paper are actually carrying over the ideas and
results of information theory to a new area, systems with distributed memory. Such an extension is,
generally speaking, quite natural, since this area comprises in particular various data transmission
systems, and information theory, after all, was designed to describe and analyze communication
systems. However, to the best of the author’s knowledge, such an approach was never used before,
though various aspects of distributed memory network operation were studied in numerous works
based on teletraﬃc theory, graph theory methods, and many other mathematical disciplines.
The paper is organized as follows. Section 2 is devoted to the description of systems and models
in question. The main results of the paper are described in Section 3. Section 4 gives an example
of using the proposed method. All proofs are postponed to the Appendix.
2. DESCRIPTION OF DISTRIBUTED MEMORY SYSTEMS
AND CONSTRUCTION OF A MATHEMATICAL MODEL
We will represented distributed memory systems as directed graphs with vertices corresponding
to “data storages” (in what follows, a “memory unit,” or simply “memory”) and reading/recording
devices (see the ﬁgure). Below we will refer to them as processors, though they can be separate
computers or even local networks. Note that in CDN networks they are sometimes called “points
of presence”; in other networks, other terms are used.
An edge drawn from a processor P to memory M means that P has access to M . In the ﬁgure,
the ﬁrst processor has access to both M1 and M2 , and the second, to M2 only. Note that there exist
networks where a vertex may function as both a processor and memory simultaneously, as in P2P
networks. We will assume that a system contains n processors and m memory units.
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Now we describe the content of the memory. Each memory unit stores ﬁles (i.e., binary words
of the same size). Data are transmitted in the network in “batches” (i.e., parts of a certain ﬁxed
size), and we will assume that one batch contains one ﬁle. Note that if a movie or another content
is of large enough size, it is transmitted as several batches, and it will be convenient to assume that
it is also stored as several ﬁles corresponding to these batches.
Now let us discuss regimes of data usage. In CDN networks, two operation phases are usually
distinguished, which somewhat conventionally correspond to daytime and nighttime: period when
users only receive the requested data (say movies) and network channels are busy with transmitting
these data, and another period when the intensity of requests for reading the content is rather low
and data are moved in the network according to a certain algorithm (usually, frequently requested
content is sent to mirror servers to replace rarely requested data). The goal of network designers is
to achieve the maximum capacity in “daytime,” i.e., in the period when the network serves users
which receive data. In P2P networks, the situation is similar: each user is interested in minimizing
the time required to receive the desired data, i.e., time required for reading data but not recording
(or time required to receive batches but not send).
Now we introduce necessary notation: the set of all ﬁles stored in memory units will be denoted
by F ; let τi,j (f ) be the time required for reading (receiving) a ﬁle f ∈ F by a processor Pi from
memory unit Mj ; we will assume that this time is inﬁnite if Mj does not contain f . For a network
with m memory units and n processors and for a ﬁle f ∈ F , deﬁne
τi (f ) =

min τi,j (f ),

j=1,...,m

τmin = min τi (f ),
i=1,...,n

τmax = max τi (f );
i=1,...,n

(1)

we will consider systems for which
0 < τmin ,

τmax < ∞.

(2)

In many networks, each processor reads a required ﬁle from the memory unit for which the
reading time is minimal. Hence, for a processor Pi and a sequence of ﬁles f1 , f2 , . . . , fk we deﬁne
the reading time as
τi (f1 , f2 , . . . , fk ) =

k


τi (fj ).

(3)

j=1

Note that this is not the only way to choose a memory unit to read data from. For example,
a memory unit can be chosen which will use the cheapest channel to transmit the data. It is
important for us that for each ﬁle f and each processor i the quantity τi (f ) is deﬁned in some way
and inequalities (2) are satisﬁed for it.
Thus, we consider systems with several processors and memory units (data storages), each of
them containing ﬁles, i.e., words of the same length. Processors get requests for ﬁles, which are
then received from memory units with lowest delivery time (see (1)). (Usually this is organized as
follows: processors have lists of ﬁles stored in diﬀerent memory devices). We assume that processors
are maximally loaded, i.e., having read a ﬁle, a processor immediately starts reading the next.
3. CAPACITY AND ENTROPY EFFICIENCY
Now let us deﬁne our central notions, the capacity of a system and entropy eﬃciency. For
that, let us ﬁrst denote by F ∞ the set of all doubly inﬁnite words in an alphabet F of the form
. . . f−2 f−1 f0 f1 f2 . . . ; any its subset S will be called, by analogy with information theory, a source,
not of symbols but of ﬁles. Deﬁne a translation operation on F ∞ as
σ(. . . f−2 f−1 f0 f1 f2 . . .) = . . . f−3 f−2 f−1 f0 f1 . . . ;
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we say that a source S is stationary if
σ(S) = S.

(4)

We still assume that there are n processors in the system, the input of the ith is a message
f1 f2 . . . generated by a source Si , i = 1, . . . , n, and for each processor i deﬁne the quantity




Ni (t) = f1 . . . fk : τi (f1 . . . fk ) ≥ t, τi (f1 . . . fk−1 ) < t, f1 . . . fk ∈ Si ∩ F k .

(5)

In other words, Ni (t) contains sequences f1 . . . fk generated by Si that can be received by processor Pi in time at least t. The quantities
Ji = lim inf
t→∞

log |Ni (t)|
,
t

J =

n


Jj

(6)

j=1

will be called the processor capacity of Pi and the system capacity, respectively.
Let us brieﬂy discuss the deﬁnition of the processor capacity. Informally, |Ni (t)| is the number
of possible sequences of requests for reading ﬁles that a processor can process in time t. Recall that
this quantity is analogous to the information-theoretic number of messages that can be transmitted
in a given time over a noiseless channel, as was deﬁned by Shannon (see [4]). In turn, the processor
capacity Ji is completely analogous to the capacity of a noiseless channel, and both capacities
are asymptotically equal to the argument of the exponent specifying the growth of the number of
symbol chains generated by a source.
The above model does not take into account the fact that diﬀerent ﬁles can be requested with different probabilities, which are not controlled by system designers (say the probability of requesting
a movie depends on its popularity). To model such situations, we will consider a probabilitytheoretic system model. More precisely, we assume that a ﬂow of requests for ﬁles is described by
an n-dimensional stationary process μ1 , μ2 , . . . , μn generating symbols of the alphabet F n (here,
as above, n is the number of processors). For a (one-dimensional) process λ, its kth-order entropy
(k ≥ 0) and limiting entropy are deﬁned as
hk (λ) = −



λ(u) log λ(u)/(k + 1),

h∞ (λ) = lim hn (λ).

(7)

n→∞

u∈F k+1

It is known that for stationary λ the limit exists and
hk (λ) ≥ hk+1 (λ)

(8)

(see [7]). (Hereinafter, we use the same notation for a random process and its ﬁnite-dimensional
distribution, since it is always clear from the context what we are speaking about.)
We estimate the eﬃciency of the ith processor and of the system in the whole by the entropy of
the arrival ﬂow of ﬁles per unit time:
H(μi ) = h∞ (μi )






f ∈F



μi (f )τi (f ) ,

H=

n


H(μi ).

(9)

i=1

We call this quantity the entropy eﬃciency. Its information-theoretic meaning is clear: if a ﬂow of
requested ﬁles is subject to distribution μ, then the number of messages that can be transmitted
in time t grows exponentially (as a function of t), and the entropy eﬃciency equals the argument
of this exponent.
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The main properties of the introduced quantities are as follows.
Theorem. Let us be given a distributed memory system with n processors and m memory units.
(i) If the i-th processor is fed by a sequence of ﬁles generated by a stationary source (in the sense
of Deﬁnition (4)), then for the capacity of this processor we have
Ji = lim

t→∞

log |Ni (t)|
t

(10)

(i.e., the limit inferior in (6) equals the “ordinary” limit) and
Ji ≤ log Zi ,

(11)

where Zi is a real solution of the equation


z −τi (f ) = 1;

(12)

f ∈F

moreover, equality in (11) is attained for the source consisting of all possible sequences, i.e.,
Si = F ∞ .
(ii) If the i-th processor is fed by a sequence of ﬁles generated by a stationary source μi , then the
entropy eﬃciency satisﬁes the inequality
H(μi ) ≤ log Zi ,

(13)

which holds with equality in the case where symbols f1 f2 . . . generated by μi are i.i.d. and
−τi (f )

μi (f ) = Zi

.

(14)

The proof of the theorem is based on well-known results from information theory and is given in
the Appendix; here we note that the ﬁrst claim is analogous to Shannon’s theorem on the capacity
of a noiseless channel (see [4]), and using equation (12) to estimate the capacity was also proposed
by Shannon [4]. The second claim of the theorem is a direct analog of the relation between the
topological entropy and Shannon entropy, well known in theory of dynamic systems: the former
equals the maximum value of the latter (see [8, 9]).
4. EXAMPLE OF FINDING THE EFFICIENCY
OF A CONTENT DELIVERY NETWORK
The example considered here is aimed at showing the possibilities of practical application of
our method. For that, we consider a content delivery network (CDN) with characteristics given in
Tables 1 and 2.
Each access point is linked with the main server, where all ﬁles are stored, and with one cash
server, each of which stores copies of ﬁle parts. Transmission rates of channels connecting diﬀerent
access points with cash servers can be diﬀerent, as is shown in Table 2.
Assume that requests for reading ﬁles are independent and identically distributed. Concerning
the access probabilities we assume that they obey the so-called Zipf distribution, which well describes real-life processes of such kind. This means that if ﬁles are ordered
with respect to their



N

1/j , where N is the
access probabilities, then the ith probability qi is given by qi = (1/i)
j=1
total number of ﬁles (see [10]).
Then we computed the entropy eﬃciency for the described system and for several its modiﬁcations to numerically estimate their impact. We assumed here that cash servers store the most
called-for ﬁles, i.e., those with highest probabilities. Computations are presented in Tables 3 and 4.
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Table 1. Parameters of the CDN network.
Parameter
Number of memory units (cash servers)
Number of access points
Storage capacity of a cash server
Number of diﬀerent ﬁles available in the network
Content ﬁle size

Value
100
1000
10 TB
5000
10 GB

Table 2. Channel characteristics in the CDN model.
Channel function

Transmission rate
10 Mbps
5 Mbps
2 Mbps
1 Mbps

Access point (AP) – Cash server
AP – Main server

Number of channels
200 (20%)
600 (60%)
200 (20%)
1000 (100%)

Table 3. Impact of the cash server storage capacity on the entropy eﬃciency.
Storage capacity
10 TB
11 TB
12 TB
13 TB
14 TB
20 TB
30 TB
40 TB
50 TB

Entropy eﬃciency, bps
0.312561
0.320883
0.328918
0.336713
0.344305
0.38695
0.453011
0.518798
0.588478

Table 4. Impact of the channel transmission rate on the entropy eﬃciency.
10 Mbps
20%
30%
40%
50%
60%

5 Mbps
60%
50%
40%
30%
20%

2 Mbps
20%
20%
20%
20%
20%

Entropy eﬃciency, bps
0.312561
0.322692
0.332823
0.342954
0.353085

Hence the impact of network parameters on its eﬃciency is seen, which is of interest for designers
of such systems. We emphasize that these estimates are obtained analytically, before implementing
new variants and experimenting with them.
5. CONCLUSION
We have described a class of distributed memory systems, which comprises content delivery
networks and many other structures, and proposed a method for theoretical (analytical) estimation
of characteristics of such systems. This method is based on an approach well known in information
theory: we show that the set of problems that a system can solve grows exponentially as a function
of time, and hence the argument of this exponent is a reasonable characteristic of the capacity or
eﬃciency. In our case, a problem is understood to be a sequence of ﬁles delivered by a system
on users’ requests (for comparison: in Shannon’s classical work [4] the problem is to transmit a
sequence of symbols; in [3] the problem is a sequence of commands executed by a computer).
The notions of processor capacity and entropy eﬃciency obtained in the present paper can be
used in practice, which is illustrated by Section 4.
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APPENDIX: PROOF OF THE THEOREM
We need a result of M. Fekete (cited from [11, p. 23]), which in the continuous case is formulated
as follows.
Claim. Let ϕ be a nonnegative function such that ϕ(t1 ) + ϕ(t2 ) ≥ ϕ(t1 + t2 ) for positive t1
and t2 . Then lim ϕ(t)/t exists, and lim ϕ(t)/t = lim inf ϕ(t)/t.
t→∞

t→∞

t→∞

Proof of equation (10). Let t1 and t2 be arbitrary positive numbers, and let t3 = t1 + t2 . We
show that
|Ni (t1 )||Ni (t2 )| ≥ |Ni (t3 )|.

(15)

To this end, note that it follows from the stationarity and the deﬁnition of Ni (t) that, ﬁrst,
for any sequence f13 . . . fn33 ∈ Ni (t3 ) there exists a pair f11 . . . fn11 ∈ Ni (t1 ), f12 . . . fn22 ∈ Ni (t2 )
such that f13 . . . fn33 is a preﬁx of the concatenation f11 . . . fn11 f12 . . . fn22 , and second, for any pair
f11 . . . fn11 ∈ Ni (t1 ), f12 . . . fn22 ∈ Ni (t2 ) there is at most one element of Ni (t3 ) which is a preﬁx of
the concatenation f11 . . . fn11 f12 . . . fn22 . Hence, the number of diﬀerent pairs of this type is not less
than the number of elements in Ni (t3 ), which implies (15).
Applying Fekete’s result to ϕ(t) = log |Nt |, we obtain from (15) the proof of equation (10). 
Proof of equations (11) and (12). The proof is contained in Shannon’s seminal paper [4].
Proof of claim (ii) of the theorem. As follows from (8), for given probabilities π(f ), f ∈ F ,
the entropy is maximal for a process π generating i.i.d. symbols. From this and deﬁnitions (7)
and (9), we conclude that the maximum value of the entropy eﬃciency is given by
−
H(π) =

f ∈F
f ∈F

π(f ) log π(f )
(16)

π(f )τi (f )

for some probability distribution π(f ) on F . To complete the proof, we apply the well-known
Kullback–Leibler inequality

p(f )
≥ 0,
p(f ) log
q(f )
f ∈F
where p(·) and q(·) are arbitrary probability distributions on a ﬁnite set F (see [7]). Hence it is
seen that
p(f ) log p(f )
−
f ∈F
≤ 1.
p(f ) log(1/q(f ))
f ∈F

−τ (f )

for any distribution p(f ). The last
In particular, this is true for the distribution q(f ) = Zi i
inequality yields
p(f ) log p(f )
−
f ∈F
≤ log Zi ,
p(f )τi (f )
f ∈F

−τi (f )

which coincides with (13). It is easily seen that for p(f ) = Zi
which proves equation (14). 

this inequality turns into equality,

The author is grateful to P.A. Pristavka for his assistance in preparing the example in Section 4.
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