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Abstract. We consider finite-alphabet and real-valued time seriegtantbllowing four problems:
i) estimation of the (limiting) probability”(z, . .. z,) for everys and each sequenag - - - x5 of
letters from the process alphabet (or estimation of theitepsxo, . .., xs) for real-valued time
series), i) the so-called on-line prediction, where thaditonal probability P(x¢41|z122 . . . x)
(or the conditional density(x;11|z122 ... xz:)) should be estimated, whetgxs - - - z; are given,
iii) regression and iv) classification (or so-called prabgewith side information).

We show that Kolmogorov complexity (KC) and universal co@suniversal data compressors),
whose codeword length can be considered as an estimatio@ of&h be used as a basis for con-
structing asymptotically optimal methods for the abovehems. (By definition, a universal code

can "compress” any sequence generated by a stationary gadieisource asymptotically to the

Shannon entropy of the source.)

Keywords: time series, nonparametric estimation, universal codiath compression, on-line pre-
diction, Shannon entropy, stationary and ergodic procegsession.
1. Introduction

Kolmogorov complexity was suggested in [21] and nowadagyphn important role in the theory of
algorithms and information theory. It is closely conneatéth such deep theoretical issues as definition
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of randomness and logical foundation of probability the@ge [5, 6, 16, 25, 40, 42, 43, 44]). In this
paper we show that Kolmogorov complexity and universal so@e data compression methods) can
be applied to some problems in the framework of mathemasidistics. It is important to note that
nowadays there are many different classes of universalscade such of them as CTW code [45, 46],
Grammar-based codes [19], LZ-codes [9] and some others stamen there great efficiency as data
compressors and predictors [3, 18].

We consider a stationary and ergodic source, which gersesatguences; s - - - of elements (let-
ters) from some set (alphabet) which is either finite or real-valued. It is supposed thatphobability

distribution (or distribution of limiting probabilitiesy(x1 = a;,, z2 = ai,, ..., 2t = a;,) (or the density
p(z1,z2,...,x¢)) IS unknown, but we are given either one sampje. . z; or several {) independent
samplese! = z1 .. .mtll, ...,x" =z7...2; generated by the source. (Generally speaking, they cannot

be combined into one sample for a stationary and ergodicepas it can be done for an i.i.d. one.)

Of course, if someone knows the probability distributiontfee density) he has all information about
the source and can solve all problems in the best way. Thatysprecise estimations of the probability
distribution and the density can be used for predictionraggjon, estimation, etc. In this paper we
follow this scheme. We consider the problems of estimatfdh@probability distribution or the density
estimation. Then we show how the solution can be appliedhergiroblems, paying the main attention
to the problem of prediction, because of its practical agpions and importance for probability theory,
information theory, statistics and other theoretical soiss, see [1, 11, 18, 19, 26, 30, 41]. We show
that Kolmogorov complexity and universal codes (or data p@®sors) can be applied directly to the
problems of estimation, prediction, regression and diassion. It is not surprising, because for any
stationary and ergodic souréegenerating letters from a finite alphabet, Kolmogorov cary K and
any universal cod€ the following equalities are valid with probability 1:

1
lim Z(—logP(:vl---:Ut) —K(z1---x¢)) =0,

t—o0

.1
Jim (= log P(ay -+ -a) = [U(an - a)]) = 0,

wherez; - - - x; is generated by’. (Here and beloviog = log,, |v| is the length ofv, if v is a word and

the number of elements ofif v is a set.) So, in fact, the length of the universal cgdér; - - - ;)| and
Kolmogorov complexityK (z; - - - ;) can be used as estimates of the logarithm of the unknown proba
bility and, obviously2~1V(z1#:)l and2—K(z1#+) can be considered as the estimation®¢f; - - - z;).
They can be viewed as non-parametric estimations of (lgjtprobabilities for stationary and ergodic
sources. This was recognized shortly after the discovenniversal codes (for the set of stationary and
ergodic processes with finite alphabets) and universalscogee applied for solving prediction problems
[32].

We would like to emphasize that, on the one hand, all resulisb@ obtained in the framework
of classical probability theory and mathematical statsstand, on the other hand, everyday methods
of data compression (or archivers) can be used as a tool fwitgesstimation, prediction and other
problems, because they are practical realizations of tsaveodes. It is worth noting that the modern
data compressors (likeip, arj, rar, etc.) are based on deep theoretical results of the theorgurts
coding (see, for ex., [13, 19, 28, 29, 30, 45, 46]) and haveatstnated high efficiency in practice as
compressors of texts, DNA sequences and many other typealalata. In fact, archivers can find many
kinds of latent regularities, that is why they look like amising tool for estimation, prediction and other
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problems. Moreover, recently universal codes and archiware efficiently applied to some problems
which are very far from data compression: first, their aglans in [7, 8] created a new and rapidly
growing line of investigation in clustering and classifioatand, second, universal codes were used as a
basis for non-parametric tests for statistical hypotheseserned with stationary and ergodic time series
[35, 36, 37].

The outline of the paper is as follows. Section 2 containrifgon of Laplace predictor and its
generalizations, a review of known results and descriptibone universal code. Sections 3 and 4 are
devoted to processes with finite and real-valued alphabetsgespondingly.

2. Predictorsand universal data compressors

2.1. TheLaplace measure and on-line prediction for i.i.d. processes

We consider a source with unknown statistics which gengrsgguences; z- - - - of letters from some
set (or alphabet). It will be convenient at first to describe briefly the preitintproblem. Let the source
generate a message ... x: 1%, x; € A for all i, and the following letter:;,; needs to be predicted.
This problem can be traced back to Laplace who consideregrtiilem how to estimate the probability
that the sun will rise tomorrow, given that it has risen ewday since Creation (see [14]). In our notation
the alphabet! contains two letter8 ("the sunrises”) andl ("the sundoesnotrise”), t is the number
of days since Creation;; ... x;_12; = 00...0.

Laplace suggested the following predictor:

Lo(alzy---2t) = (Vaya, (a) + 1)/ (¢ + |A]), ey

wherev,, ..., (a) denote the count of letter occurring in the wordr; . .. ;2. For example, ifA =
{0,1}, z;...z5 = 01010, then the Laplace prediction is as followsy(z¢ = 0[01010) = (3 +1)/(5 +
2) =4/7,Lo(x¢ = 1|01010) = (2+1)/(5 + 2) = 3/7. In other words3/7 and4/7 are estimations of
the unknown probabilitie® (z;4; = 0|z ...z, = 01010) and P (441 = 1|x; ... 2 = 01010).

We can see that Laplace considered prediction as a setmfistins of unknown (conditional) proba-
bilities. This approach to the problem of prediction wasaleped in [32] and now is often called on-line
prediction or universal prediction [1, 18, 26, 27]. As we iti@med above, it seems natural to consider
conditional probabilities to be the best prediction, baeatlney contain all information about the future
behavior of the stochastic process. Moreover, this appr@deeply connected with game-theoretical
interpretation of prediction (see [17, 34]) and, in fact,aditained results can be easily transferred from
one model to the other.

Any predictory defines a measure by the following equation

t

Y(x1..wy) = H7($i|$1~-$z‘—1)o 2

i=1

For example Ly(0101) = 3212 = L. And, vice versa, any measute(or estimation of the mea-
sure) defines a predictof(x;|xy... z;—1) = y(z1... xi—125) ) V(210 Ti—1).

The next natural question is how to estimate the precisioa jpfediction and of an estimation of
probability. Mainly we will estimate the error of predictidoy the Kullback-Leibler (KL) divergence
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between a distributio®® and its estimation as follows:
P(a|zy - xy)

valwy - xp)’

py,p(T1 - xy) = Z P(a|zy - x¢)log (3)

a€A

where~ is the estimation of an unknown condition probability. isll-known that for any distributions
P and~ the KL divergence is nonnegative and equals 0 if and onB(if) = ~(a) for all a, see, for ex.,
[15]. The following inequality (Pinsker’s inequality)

> Pla)los 5o = “E4| P - QI @
acA

connects the KL divergence with the so-called variatiotadice

1P =Qll=)_ [P(a) = Q(a)],

a€A

where P and ) are distributions overl, see [10]. For fixed, p, p() is a random variable, because

x1,%9, -+ , 2 are random variables. We define the average error atttinge
t _ —
PPV =E (prp()) = Y. Plar-- ) pyp(zr-- ). (5)
ml---:ctEAt

Itis shown in [33] that the error of Laplace predictioy goes to 0 for any i.i.d. sourcB. More precisely,
it is proven that
p'(Pl[Lo) < (JA] = 1)loge/(t +1) (6)

for any sourceP, [33], see also [38]. So, we can see from this inequality thataverage error of
the Laplace predictof,y (estimated either by the KL divergence or the variationagise) goes to zero
for any unknown i.i.d. source, when the sample gizgows. Moreover, it can be easily shown that
the error (3) (and the corresponding variation distancesdo zero with probability 1, whengoes to
infinity. Obviously, such a property is very desirable foy gmedictor and for larger classes of sources,
like Markov, stationary and ergodic, etc. However, it isyao in [32] (see also [1]) that such predictors
do not exist for the class of all stationary and ergodic sesif@enerating letters from a given finite
alphabet). More precisely, for any predictpthere exists a sourde andé > 0 such that with probability

1 pyp(x1---2¢) > 6 infinitely often whent — co. So, the error of any predictor may not go to 0, if the
predictor is applied to an arbitrary stationary and ergadigrce, that is why it is difficult to use (3) and
(5) to compare different predictors.

On the other hand, it is shown in [32], that there exists aiptedR, such that the following Cesaro
averaget ! Zle pr,p(z1---x¢) goes to O (with probability 1) for any stationary and ergasiicirce
P, wheret goes to infinity. That is why we will focus our attention on Baverages and by analogy with
(5) we define

Py, p(T1..2¢) = =1 (log(P(xy...z)/y(x1...x1)) @)
and
pi(y,P)=t7" Z P(zq...x¢) log(P(z1...x¢) [y (x1...2)), (8)
z1..x¢ €A

where, as beforey(zy...x;) = [['_, y(wi|1...0-1).
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From these definitions and (6) we obtain the following estiomeof the error of the Laplace predictor
Lo for any i.i.d. source:
pe(Lo, P) < ((|A] = 1) logt +¢)/t, )

wherec is a certain constant. So, we can see that the average ettar béplace predictor goes to zero
for any i.i.d. source (which generates letters from a knowitefialphabet).

A natural problem is to find a predictor whose error is miniiffiat i.i.d. sources). This problem was
considered and solved by Krichevsky in [22], see also [2& sHggested the following predictor:

Ko(alzy---2t) = (Vaya, (@) +1/2)/(E + [A]/2), (10)

where, as beforey,,...,,(a) is the count of letter occurring in the wordz; ...z,. We can see that
the Krychevsky predictor is quite close to the Laplace’s (e For example, ifA = {0,1}, zy...x5 =
01010, thenKy(z¢ = 0]01010) = (3+1/2)/(5+1) = 7/12, Ko(z6 = 1|01010) = (2+1/2)/(5+1) =
5/12 andK((01010) = 41131 — .3

The Krichevsky measur&, can be presented as follows:

ey (o) +1/2 TlaeaT™ 96 -1/2)

Ko(xy...xp) = Zl_[l i—1+]|A]/2 o H;;é(z‘ +14|/2) )
It is known that T 1/9
(r+1/2)((r +1) +1/2)...(s = 1/2) = FE%IB (12)

wherel'( ) is the gamma function (see for definition, for ex., [20]). 8d,) can be presented as follows:

[laca(Twey. 2, (a) +1/2) /T(1/2))
(¢ +1A]/2) /T(14]/2) '

Ko(xl...$t) = (13)
For this predictor
pr(Ko, P) < ((|A[ = 1) logt 4 ¢)/(2t), (14)

wherec is a constant, and, moreover, in a certain sense this avereayds minimal: for any predictoy
there exists such a souré¢& that

Py P*) > (A 1) log t + ¢)/(20),

see [22, 23].

2.2. Consistent estimationsand on-line predictors for Markov and ergodic processes

Now we briefly describe consistent estimations of unknowababilities and efficient on-line predictors
for general stochastic processes (or sources of informatidenote byA! and A* the set of all words of
lengtht over A and the set of all finite words ovet correspondingly 4* = (32, AY).

The time shiftT on A* is defined asl'(z1, z2,23,...) = (x2,23,...). A processP is called
stationary if it isT-invariant: P(T~'B) = P(B) for every Borel sef3 C A>. A stationary process is
called ergodic if everyl -invariant set has probability 0 or (B) = 0 or 1 wheneverl'~! B = B. For
more details on stationarity and ergodicity see [4, 15].
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By M. (A) we denote the set of all stationary and ergodic sources,hwgecerate letters from
and letMy(A) C My (A) be the set of all i.i.d. processes. L&f,,(A) C My (A) be the set of
Markov sources of order (or with memory, or connectivity} tavger thanm, m > 0. Let M*(A) =
U2, M;(A) be the set of all finite-memaory sources.

The Laplace and Krichevsky predictors can be extended tergeMarkov processes. The trick is
to view a Markov sourceé® € M,,(A) as resulting fromjA|™ i.i.d. sources. We illustrate this idea by
an example from [38]. So assume that= {O, I}, m = 2 and assume that the sourBec M5(A) has
generated the sequence

OOIOIIOOIIIOIO.

We represent this sequence by the following four subse@senc
ok I kot ok ok ok ok sk okok,

xxxOx [xxx ] xxx0,
EE T VETOFEETIED
sk kx k% Oxxx JO * %,

These four subsequences contain letters which follo®, OI, IO and 11, respectively. By defini-
tion, P € M,,(A) if P(alxy---x¢) = P(a|zi—my1---ax¢), forall0 < m < t, alla € A and all
x1---x; € A, Therefore, each of the four generated subsequences manbielered to be generated
by a Bernoulli source. Further, it is possible to recongtthe original sequence if we know the four
(= |A|™) subsequences and the twe {n) first letters of the original sequence.

Any predictor~ for i.i.d. sources can be applied for Markov sources. Indeedrder to predict, it
is enough to store in the memopy|™ sequences, one corresponding to each word"in Thus, in the
example, the letters which follows OO is predicted based on the Bernoulli methpdorresponding to
the z129- subsequence< O0), thenx, is predicted based on the Bernoulli method corresponding to
rox3, i.€. to theOI- subsequence, and so forth. When this scheme is applied alith either g or
K, we denote the obtained predictorsias and K,,,, correspondingly, and define the probabilities for
the firstm letters as follows:L,,,(x1) = Ly, (z2) = ... = Lip(xm) = 1/]4], Kn(z1) = Kp(z2) =
... = Kp(zp) = 1/|A]. For example, having taken into account (13), we can prebenktichevsky
predictors forM,, (A) as follows:

A7 if t<m,
Ko (xy..x) = (15)

1 [aca (C(a(va)+1/2) /T(1/2) .
ap Hvean “GEmmayyrqayy > o t>m,

wherev, (v) = > c 4 Vz(va), x = x1...24. Itis worth noting that the representation (12) can be more
convenient for carrying out calculations. Let us consigeexeample. For the wor@OIOIIOOIIIOIO
considered in the previous example, we obfgi{OOIOII00III0IO) =272 13 1113 1.1 111
Let us define the measui, which is a consistent estimator of probabilities for thesslaf all
stationary and ergodic processes with a finite alphabest Wie define a probability distributiofw =

w1, ws, ...} onintegers{1,2, ...} by

wr=1-1/log3, ..., w; =1/log(i +1)—1/log(i+2), .... (16)
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(In what follows we will use this distribution, but resultegtribed below are obviously true for any
distribution with nonzero probabilities.) The measiés defined as follows:

R($1...$t) == Z Wi+1 Kz(xlxt) (17)
=0

It is worth noting that this construction can be applied te thaplace measure (if we udg instead of
K;) and any other family of measures.

The main properties of the measukeare connected with the Shannon entropy, which is defined as
follows

H(P)= lim 1 > P(v)log P(v). (18)
meee mveAm
Theorem 2.1. ([32])

For any stationary and ergodic soureahe following equalities are valid:
|
i) thm " log(1/R(xy ---x)) = H(P)

with probability 1,
i) Jim = S P(u)log(1/R(w) = H(P).

t—oo t
ucAt

2.3.  Kolmogorov complexity and data compression

One of the goals of the paper is to show how practically us¢a ctampressors can be used as a tool for
nonparametric estimation, prediction and other problefrigat is why a short description of universal
data compressors (or universal codes) will be given here.

A data compression method (or code)s defined as a set of mappings such thatp,, : A™ —
{0,1}*, n = 1,2,... and for each pair of different words,y € A" ¢,(x) # @.(y). It is also
required that each sequengg(u1)yn (u2)...on(u,),r > 1, of encoded words from the sdt’, n > 1,
could be uniquely decoded intg us...u,.. Such codes are called uniquely decodable. For example, let
A = {a, b}, the codey (a) = 0,%1(b) = 00, obviously, is not uniquely decodable. It is well known
that if a codeyp is uniquely decodable then the lengths of the codewordsfgdtie following inequality
(Kraft's inequality): 3°,c 4n 2719 < 1| see, for ex., [15]. It will be convenient to reformulate this
property as follows:

Claim 2.1. Let ¢ be a uniquely decodable code over an alphabethen for any integen there exists
a measure:, on A" such that

—log pip(u) < |p(u)] (19)
for anyw from A™ .
Clearly, the statement holds for the measugéu) = 27191 /3, c 4n 27191,

It is worth noting that any measuredefines a code for which the length of the codeword associated
with a wordw is (close to) — log p(u).
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In this paper we will use the so-called prefix Kolmogorov céerjty, whose precise definition can
be found in [16, 25]. Its main properties can be describedisas. There exists a uniquely decodable
codex such that i) there is an algorithm of decoding (i.e. there T&iang machine, which maps(u)
to u for anyu € A*) and ii) for any uniquely decodable code whose decoding is algorithmically
realizable, there exists a constant such that

k()] = ()] < Cy (20)

for anyu € A*. The prefix Kolmogorov complexitys (u) is defined as the length af(u): K(u) =
|x(u)|. The codex is not unique, but the second property means that codelengttwo codes:; and
k2, for which i) and ii) are true, are equal up to a constai; (u)| — |x2(u)| | < Cy,2 for any wordu
(and the constan; » does not depend om see (20).) Sok (u) is defined up to a constant.

In what follows we call this value “Kolmogorov complexity’nd uniquely decodable codes just
“codes”.

We can see from ii) that the codels asymptotically (up to a constant) the best method of dare: ¢
pression, but it turns out that there is no algorithm thataadoulate the codeworel«) (and everk (u)).
That is why the code (and Kolmogorov complexity) cannot be used for practicahadammpression di-
rectly. On the other hand, so-called universal codes caedlezed and, in a certain sense, can be used
instead of the optimal code if they are applied for compression of sequences genebgtadstationary
and ergodic source. For their description we recall thatit(és known in Information Theory) se-
quences:; ...z, generated by a sourd® can be "compressed” te log P(z;...z) bits and, on the other
hand, there is no code for which the average codeword lengtl{ . ,cat P(x1...x¢)|Y(z1...24)| )
is less than—%,,  ,,cat P(z1...x¢) log P(z...2z¢). The universal codes can reach the lower bound
—log P(x;...x¢) asymptotically for any stationary and ergodic souftwith probability 1. The formal
definition is as follows: a cod¥ is universal if for any stationary and ergodic soufeehe following
equalities are valid:

tli%|U(x1...xt)|/t:H(P) (21)
with probability 1, and
tlirro10E(|U(x1 ..xy)|)/t = H(P), (22)

where H (P) is the Shannon entropy d?, E(f) is the expected value gf. So, informally speaking,
universal codes estimate the probability characteristithe sourceP and use them for efficient "com-
pression”. Both equalities are true if we replace the lengtihe code(|U(z1 ... x¢)|) by K (21 ... x),
because, in a certain sense, Kolmogorov complexity is thgtheof codeword of the best universal code.
That is why in what follows we will speak about universal cedaking into account that all statements
are true for Kolmogorov complexity.

3. Finite-alphabet processes

3.1. Theestimation of (limiting) probabilities

The following theorem shows how universal codes can be egfidir probability estimations.
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Theorem 3.1. Let U be a universal code and
py(u) = 2_|U(U)I/EUEAM 9= IU@)[ (23)

Then, for any stationary and ergodic soufe¢he following equalities are valid:

i) Tim (= log P(z1 -+~ 21) — (—log pu(@r - 21))) = 0

t—oo t
with probability 1,
N |
i7)  lim — E P(u)log(P(u)/pu(u)) = 0,

t—o00
uc At

i) Jim 3 3" Pla) |P(w) — o (w)] = 0.

uc At

Proof:
The proof is based on Shannon-MacMillan-Breiman Theorerithvbtates that for any stationary and
ergodic source®

tlim log P(xy...2)/t = H(P)

with probability 1, see [4, 15]. From this equality and (21 wbtain the statement i). The second
statement follows from the definition of Shannon entropy) @& (22), whereas iii) follows from ii) and
the Pinsker’s inequality (4). O

So, we can see that, in a certain sense, the meaguiga consistent (nonparametric) estimation of the
(unknown) measuré’.

Nowadays there are many efficient universal codes (and raailvpredictors connected with them),
which can be applied to estimation. For example, the abosgeritteed measur® is based on the code
from [31, 32] and can be applied for probability estimatioMore precisely, Theorem 3.1 (and the
following theorems) are true faR, if we replaceuy by R.

It is important to note that the measulRehas some additional properties, which can be useful for
applications. The following theorem describes these ptigse(whereas all other theorems are valid for
all universal codes and corresponding measures, inclutimgieasure?).

Theorem 3.2. For any Markov proces® with memoryk

i) the error of the probability estimator, which is based ba measureR, is upper-bounded as
follows: .
Al —1)|Al"logt 1
LY Plwlog(Pu)/R(w)) < LZIATEL 4 o)

uEAt

i) the error of R is asymptotically minimal in the following sense: for any asarey there exists a
k—memory Markov procesg, such that
Al —1)|A[Flogt 1
LS puw) oa(p ) /() > AL ATIBE L oy,

uEAt
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iii) Let © be a set of stationary and ergodic processes such that tkiste & measurge for which
the estimation error of the probability goes to O uniformly:

tim sup (3 P(u) loa(P(u)/e(w)) ) = 0

=00 peg weAl

Then the error of estimator, which is based on the meaBug®es to 0 uniformly too:

lim sup (1 S° P(u) log(P(u)/R())) =0.

t—00 pe@ weAl

The proof can be found in [31, 32].

3.2. Prediction

As we mentioned above, any universal cddean be applied for prediction. Namely, the measugye
(23) can be used for prediction as the following conditigmalbability:

wu(Te1|zy.x) = pu(xr..omer) /po (e ...x). (24)

Theorem 3.3. Let U be a universal code and be any stationary and ergodic process. Then

N P(zq) P(xzg|z1) P(zy|zy...x4—1)
1) lim — {E(lo + E(log ————=)+ ...+ E(lo = 0,
) Jim = {E( gMU(ml)) ( gMU(xQ‘xl)) ( R e p— ¥
=
’LZ) tlirgoE(z (P(xz+1|x1xl) - IU;U(.IZ'+1|.I1...J;Z'))2) == 0,
=0
and
i) hm E(- Z|P (Tig1|z1.28) — pu(xipr|xy...x)|]) = 0.
Proof:

i) immediately follows from the second statement of the fmes theorem and properties fg. The
statement ii) can be proven as follows:

t—

—

) 1
tlgglo E(; (P(wiqr|zr ... w5) — pu(wipr|oy «oxz’))Z) =
i=0
1 t—1
. 2
tli)r?oi E E | g \P GfﬂUl — MU a\xl )‘) <
1=0 g1..x;EA? acA
t—1
. const P(a|zy ... ;)
1 E E P T E P co.xi)log ———= =
tiglo t — _ (@1 i) (alzy ... i) log py(alxy ... x;)
=0 z1...x;€ A a€A

lim (S22 ST P(ay ) log(P( )/ - 1)),
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Here the first inequality is obvious, the second follows fritve Pinsker’s inequality (4), the others from
properties of expectation aridg . iii) can be derived from ii) and the Jensen inequality for thec-
tion 22, O

Comment 1.The measureR described above has one additional property if it is usedfediction.
Namely, for any Markov procesB (P € M*(A)) the following is true:

P(xpyq|xy...xt)

S\t
R(xpy1|xy...;p)

tlim log
with probability 1, whereR(z;1|x1...x¢) = R(x1...01x441)/R(xq...2¢); See [33].
Comment 2In fact, the statements ii) and iii) are equivalent, becarse of them follows from the
other. For details see Lemma 2 in [39].

3.3. Problemswith side information

Now we consider so-called problems with side informatiomjclr are described as follows: there is
a stationary and ergodic source, whose alphabés presented as a produdt = X x Y. We are
given a sequencery, 1), - - -, (z:—1, y:—1) and so-called side informatian. The goal is to predict, or
estimate;r;. This problem arises in statistical decision theory, pattecognition, and machine learning.
Obviously, if someone knows the conditional probabilitgr;| (x1,v1),..., (x1—1,y:-1),y:) for all

z; € X, he has all information about,;, available beforer; is known. That is why we will look for
the best (or, at least, good) estimations for this condifigmobabilities. Our solution will be based on
results obtained in the parts 3.1 and 3.2. More preciseharig universal codé€’ and the corresponding
measurg:y (23) we define the following estimate for the problem withesidformation:

MU((wla y1)7 ceey (xt—h yt—1)7 (I't, yt))
z€X pu((T1,91)5 -5 (Te—1, Y1) (T4, Yt))

MU(CUt|(C'31ay1)> DRI ('rtflﬂyt*l)ayt) - Z

Theorem 3.4. LetU be a universal code and be any stationary and ergodic process. Then

1 P j2)
Z) lim = {E(log M) +E(10g (1'2‘(1'173/1)73/2)
frood (@ lyr) v (w2|(z1,91), y2)
P v (1, Yy
+E(10g ('It|(xlay1)? a(xt 1, Yt 1)>yt) } _ 0,

:U‘U(xthlayl)a“'a(xtflaytfl)ayt)
|
ii) lim E(; (P(ig1| (@1, y1), s (T4, Yi), Yi1))—

t—o0

I
o

i
MU(%H\(%LZA)’---,(xi7yi)7yi+1))2) =0,
and

t—1

Loy 1

i) tlgToloE(z Z|P(5'3i+1|(901,y1)a-«->(Sﬂi,yz'),yz'ﬂ))—
i=0

:U‘U(:UZ'Jrlel’yl)a-">(xiayi)’yi+1)|) = 0.
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Proof:
The following inequality follows from the nonnegativity tife KL divergency (see (4)), whereas equality
is obvious.

P(z1]y1)
po (1ly1)

P(y1)
pu (Y1)

P(z2|(x1,91), y2)
pu(z2|(z1,y1),y2)

E(log ) + E(log )+ ... < E(log

P(x1y1) oo P2l(z1,91) op Ll@2|(@1, 1), y2)
TE(lo MU(wl\yl)) Ed pu (y2(21,y1) & pu (z2](71,91), y2)

P(z1,91) o P((z2,y2)|(71,1))
MU(u’Ul,yl)) + Ellog MU(($2,y2)|($1,y1))) e

Now we can apply the first statement of the previous theoretietdast sum as follows:

1 P
lim —E(log 7@1’%)
t—oo t pu(z1,y1)

= E(log

P((z2,y2)|(21, 1))
po (w2, y2)[ (21, 91))

) + E(log

P((ze, yo)l(x1,91) - - - (@1, y6-1))
E(lo
pu (e yo)l (@, y1) - - (Te—1, Y1)
From this equality and last inequality we obtain the proof)ofThe proof of the second statement can
be obtained from the similar representation for ii) and theosd statement of the theorem 4. iii) can be
derived from ii) and the Jensen inequality for the functién O

=0.

3.4. Thecase of several independent samples

Now we extend our consideration to the case where the sampecgented as several independent
samplest! =z} .. .2}, 2% =a%...27,..., 2" =27 ...z} generated by a source. More precisely, we
will suppose that all sequences were independently créatahe stationary and ergodic source. (As
it was mentioned above, it is impossible just to combine athgles into one, if the source is not i.i.d.)
We denote this sample by o 22 o... o 2" and define/ 1,2, opr (v) = S i_; v4i(v). For example, if

x! = 0010, 22 = 011, thenv,1,,2(00) = 1. The definition ofk,,, and R can be extended to this case:

Kn(ztoz?o. .. 02" = (25)

- — min{m,t;} HaeA ((F(leomzo...oxr (Ua) + 1/2) /F(1/2))
(L U Y S oot o v Yoy (7 72

whereas the definition aR is the same (see (17) ). (Here, as befote, 2, .- (v) =
ZaeA Valog2o.. onT (va). Note, thatﬂgglmzo__wr() = 22:1 t; if m=0.)

The following example is intended to show the differencesMeein the case of many samples and
one. Let there be two independent sampjes y;...y4 = 0101 andz = z;...z3 = 101, gener-
ated by a stationary and ergodic source with the alphffhet}. One wants to estimate the (limiting)
probabilities P(z122), 21,22 € {0,1} (herez;zs... can be considered as an independent sequence,
generated by the source) and predigt:; (i.e. estimate conditional probability(xszs|z1 ... 23 =
101,41 ...y4 = 0101). For solving both problems we will use the measitgsee (17)). First we
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consider the case whef(z z9) is to be estimated without knowledge of sequencesdy. From (11)
and (15) we obtain:

1/2 3/2 1/2 1/2
1 1+1 1+01+1
K;(00) = K;(01) = K;(10) = K;(11) = 1/4; ,i > 1.

Having taken into account the definitionswf (16) and the measur® (17), we can calculat&(z; z2)
as follows:

Ko(00) = Ky(11) = = 3/8, Ko(01) = Ko(10) = 1/8,

R(00) = wy Ko(00) + ws K1 (00) + ... = (1 — 1/log 3)3/8 + (1/log 3 — 1/ log 4) 1/4+
(1/logd —1/logh5)1/4+ ...=(1—1/log3) 3/8+ (1/log3) 1/4 ~ 0.296.

Analogously,R(01) = R(10) ~ 0.204, R(11) ~ 0.296.

Let us now estimate the probabilit#(z;z2) taking into account that there are two independent
samplesy = y;...y4 = 0101 andx = z;...x3 = 101. First of all we note that such estimates are
based on the formula for conditional probabilities:

R(zlxoy) = R(zoyoz)/R(zoy).
First we estimate the frequencies :

V01010101 (0) = 3, V01010101 (1) = 4, 01010101 (00) = V01010101 (11) = 0, ¥01010101 (01) = 3,

V01010101 (10) = 2, 701016101 (010) = 1, 701016101 (101) = 2, V01010101 (0101) = 1,
whereas frequencies of all other three-letters and fdterkewords are 0. Then we calculate :

13571 3 5 135 13
Ko(01010101) = —-S—— = = ~ 0.00244, K1 (0101 ¢ 101) = (27 1)2 =221 22
0(01010101) = o2 e2 51514 K1 (0101 0101) = (277)" 56 157

~ 0.0293, K5(01010101) ~0.01172, K;(01010101) =277, i > 3,
R(0101 ¢ 101) = w; Ko( 0101 0 101) + wy K1 (0101 0 101) + ... ~
0.369 0.00244 + 0.131 0.0293 + 0.06932 0.01172 + 277 / log 5 ~ 0.0089.

In order to avoid repetitions, we estimate only one prolitgbiP(z;22 = 01). Carrying out similar
calculations, we obtain
R(0101 101 ¢ 01) =~ 0.00292,

R(z129 =01|y; ...y4 = 0101, 21 ... 23 = 101) =
R(0101 o 101 0 01)/R( 0101 o 101) ~ 0.32812.

If we compare this value and the estimatifi01) ~ 0.204, which is not based on the knowledge of
samplesz andy, we can see that the measwaises additional information quite naturally (indeéd,
is quite frequent iy = y1 ... y4 = 0101 andz =z ... z3 = 101).

Such generalization can be applied for many universal ¢dulés generally speaking, there exist
codesU for which U (x! o 22) is not defined and, hence, the measugéz; ¢ x») is not defined. That
is why we will not describe properties & and not of universal codes in general. For the meaBuaé
asymptotic properties are the same for the cases of one samglseveral samples. More precisely, the
following statement is true:
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Claim 3.1. Letz!, 22, ..., 2" be independent sequences generated by a stationary aditesgorce and
t be a total length of those sequenges= >_._, |z![). Then, ift — oo, (andr is fixed) the statements
of the Theorems 1-5 are valid, when applied:tos 22 o ... o 2" instead ofz; . .. z;. (In theorems 2, 4, 5
uy should be changed t8.)

The proofs are analogous to the proofs of the Theorems 1-5.

4. Real-valued timeseries

Let X; be a time series with each; taking values in some interval. The probability distribution
of X; is unknown but it is known that the time series is stationamg argodic. Let{II,},n > 1,
be an increasing sequence of finite partitions that asymoptiyt generates the Borel sigma-field on
A, and letz*] denote the element dii, that contains the point. (Informally, z[¥! is obtained by
quantizingz to k bits of precision; see [12]). Suppose that the joint digtidn P for (X1,..., X,,) has

a probability density functiom(z1,...,z,) with respect to a sigma-finite measuxg. (For example,
An can be Lebesgue measure, counting measure, etc.) Forrsitegadn we define the following
approximation of the density

p(x1,. .., xn) = P(ac[ls], e ,x[rf})/)\n(ac[f] ol (26)
Let p(zp41]x1, ..., z,) denote the conditional density given by the rati@, ..., x,1) /
p(z1,...,x,) forn > 1. It is known that for stationary and ergodic processes theistsea so-called

relative entropy raté defined by
h = nh—{%o E(log p(znt1lz1,---520)), (27)
whereE’ denotes expectation with respectiRosee [2]. We also consider
hs = lim E(log p*(zni1l1,... 20)). (28)

It is shown in [2] that almost surely

1
tlim n logp(zy...2¢) = h. (29)
Applying the same theorem to the densifyfz, ..., z;), we obtain that a.s.
1
tlim glogps(acl,...,xt) = hs,. (30)

Let U be a universal code, which is defined for any finite alphabe¢ défine the corresponding
densityry as follows:

> W ; ;
ru(zy...z) = Zwﬂ_‘U(xl T )‘/)\t(x[l} . xy) . (31)
=0

(Itis supposed here that the cdd(a:r[f] e xl[f]) is defined for the alphabet, which contajik| letters.) It
turns out that, in a certain sense, the densityz; . .. z;) estimates the unknown densjiyz,, . .., x¢).
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Theorem 4.1. Let X; be a stationary ergodic process with densities; . .. z;) = dP;/d); such that

lim hy = h < o0, (32)

S§—00

whereh andh, are relative entropy rates, see (27), (28). Then

1
lim L 1og 2L g (33)
t—oo t rU(acl...xt)
with probability 1 and
lim EE(log M) - 0. (34)
t—oo t rU(:rzl...xt)

Proof:

First we note that for any integerthe following obvious equality is truey(x; ... z;) =

we po (@2l n @2l (14 6) for somes > 0. From this equality, (23) and (33) we imme-
diately obtain that a.s.

1 ... 1 ..
lim —log 7]9(%1 zt) < lim - 1lo B p([il ) . (35)
t—oo t ru(xy ... x¢) t—oo t 9—|U (27"t )\/)\t(x[ls} o xgs])

The right part can be presented as follows:

. 1 p(.%'l . .%'t)
lim —log GG 5] sl
t—oo t o—|U(zy ..y )\/)\t(xls ...xts)
L llog oz xy) At(x[ls]...x%]) + lim 110gw. (36)
100 ¢ o- U 2l t—oo b7 P ... a)

Having taken into account théat is the universal code, (26) and Theorem 1, we can see thatshe fi
term in the limitt — oo equals to zero. From (29) and (30) we can see that a.s. thedsémwn is equal
to hs — h. This equality is valid for any integerand, according to (32), the second term equals to zero
too, and we obtain (34). The first statement is proven.

From (35) and (36) we can can see that

F log plar...w) _ o 1ngf(561w~>fﬁt) Ml 2l
ru(ey .. @) — 9—|U(l). )|
p(xy...24)
1B log 21T (37)
pS(x1, ..., x¢)

The first term is the average redundancy of the universal émda finite- alphabet source, hence, ac-
cording to Theorem 1, it tends to 0. The second term tends toh for any s and from (32) we can see
that it is equal to zero. The second statement is proven. O
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We have seen that the requirement (32) plays an importamtimdhe proof. A natural question is
whether there exist processes for which (32) is valid. Thewan is positive. For example, lét be
an interval[—1, 1], A, be Lebesgue measure and a considered process is Markowfacomditional
density

1/2 4+« sign(y), if <0
(ly) =19, . .
/2—a sign(y), if ©>0,

wherea € (0,1/2) is a parameter and

. _17 Zf y<07
sign(y) =44 if y>0

It is easy to see that (32) is true for anye (0,1).

The following theorem describes properties of conditigrababilitiesry (z|x1...z,,) =
ruy(zy...xmz) /Ty (x1...20,) Which, in turn, is connected with the prediction problem. Wit see that
the conditional densityy (z|x;...z,,) is a reasonable estimation ofz|z;...2.,).

Theorem 4.2. Let By, B», ... be a sequence of measurable sets. Then the following egsalie true:

t—l

. 1
7 tlirglo E( ; P(xm41 € Bmt1|T1.-m) — Ru(Tme1 € Bm+1|x1...xm))2) =0, (38)
m:0
1 t—1
’LZ) E(; |P($m+1 € Bm+1|$1---xm) — RU(SEerl € Bm+1|x1$m))| =0.
m=0
Proof:
Obviously,
1 t—1
E(; (P(I‘m_H S Bm+1\x1...xm) — RU(xm-i-l S Bm+1’1‘1...1‘m))2) < (39)
m=0
1 t—1
z E(|P(Im+1 € Bm+1|x1...xm) — RU(SEerl S Bm+1|x1...xm)|—|—
m=0

|P(Zms1 € Bmg1|Z1.--m) — Ry (@ma1 € Bmgr|r1...zm)|)2

From the Pinsker inequality (4) and convexity of the KL diyence (3) we obtain the following inequal-
ities
1

E(‘P(Z’m_i_l S Bm+1\x1...xm) — RU(wm+1 S Bm+1\x1...xm)\+ (40)

| =
-
|

3
IS

|P(#ms1 € Bg1|r1...2m) — Ru(Tma1 € Bm+1|x1...xm)|)2 <

t—1
const Z B(( P(zpm+1 € Byil|zr...xm)

P(wm—i—l S Bm+1\x1...mm)
+ log =
- RU Tmt1 € Bmt1|21...2m) Ry (Zm+1 € Bmy1|21...2m)
-1

const p(SUerl |5'31 fm)
T1...Tm Tma1|T1...Tm)) 10 d\)dA
LS Pl [ oot g ZEI )y,

m=0
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Having taken into account that the last term is equeﬂ‘lgéE log M), from (39), (40) and (34)

ry(x1...x¢)
we obtain (38). ii) can be derived from i) and the Jensen iakiyufor the functionz?. O

We have seen that in a certain sense the estimatioapproximates the densigy. The following
theorem shows thaf; can be used instead pffor estimation of average values of certain functions.

Theorem 4.3. Let f be an integrable function whose absolute value is boundedceytain constant/.
Then the following equalities are valid:

) lim E Z /f (]@1... 0 ) d A /f 2)ry (|21 2m)dAm)?) = 0, (41)

t—>oo t

i7) hm E Z |/f (z|x1. ) d A, /f ) ry(x|xy . ) dApy|) =

Proof:
The last inequality of the following chain follows from th&nBker’s one, whereas all others are obvious.

/f p(@|ernm) A /f )10 (@1 )dA)? =
/f p(@|erm) — 70 (21 m) Ao
< MQ(/ (p(@01-m) = 10 (]2 ) )2
< M2(/ p(2l1e ) — 7 (@71l dAm)? <

const /p(:v|ac1...xm)log(p(ac|:v1...xm)/rU(:U|x1...xm)d)\m.

From these inequalities we obtain:

—1
E(/f(w)p(w\xl...xm)d)\m — /f(x)rU(m\xl...xm)d)\m)Q) < (42)

t—1

Z constE(/p(ac|:U1...xm)10g(p(:6|x1...xm)/rU(ac|:U1...xm))d)\m.

m=0
The last term can be presented as follows:
t—1

Z E(/p(:v|x1...xm)log(p(:v|ac1...xm)/rU(:U|x1...xm))d)\m) =

m=0

Z /p(:vl...xm)/p(:v|ac1...xm)log(p(ac|x1...xm)/rU(:U|x1...xm))d)\d)\m) =

/p(acl...xt)log(p(acl...xt)/rU(xl...xt))d)\t.

From this equality, (42) and (34) we obtain (41). ii) can be\ from (42) and the Jensen inequality
for 2. O
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