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Chapter 1

Applications of Universal Source Coding to Statistical Analysis
of Time Series

Boris Ryabko*

Siberian State University of Telecommunications and Informatics
and Institute of Computational Technology of Siberian Branch of
Russian Academy of Science
boris@ryabko.net T

‘We show how universal codes can be used for solving some of the most important
statistical problems for time series. By definition, a universal code (or a universal
lossless data compressor) can compress any sequence generated by a stationary
and ergodic source asymptotically to the Shannon entropy, which, in turn, is the
best achievable ratio for lossless data compressors.

We consider finite-alphabet and real-valued time series and the following prob-
lems: estimation of the limiting probabilities for finite-alphabet time series and
estimation of the density for real-valued time series, the on-line prediction, regres-
sion, classification (or problems with side information) for both types of the time
series and the following problems of hypothesis testing: goodness-of-fit testing, or
identity testing, and testing of serial independence. It is important to note that
all problems are considered in the framework of classical mathematical statistics
and, on the other hand, everyday methods of data compression (or archivers) can
be used as a tool for the estimation and testing.

It turns out, that quite often the suggested methods and tests are more pow-
erful than known ones when they are applied in practice.
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1.1. Introduction

Since C. Shannon published the paper “A mathematical theory of communication”
.47 the ideas and results of Information Theory have played an important role in
cryptography,26-48 3:8.25 and many other fields,%” which are
far from telecommunications. Universal coding, which is a part of Information
Theory, also has been efficiently applied in many fields since its discovery.'32!
Thus, application of results of universal coding, initiated in 1988 ,3°
new approach to prediction.19:27:28 Maybe the most unexpected application of
data compression ideas arises in experiments that show that some ant species are

capable of compressing messages and are capable of adding and subtracting small
30,43

mathematical statistics,

created a

numbers.

In this chapter we describe a new approach to estimation, prediction and hy-
pothesis testing for time series, which was suggested recently.??3842 This approach
is based on ideas of universal coding (or universal data compression). We would
like to emphasize that everyday methods of data compression (or archivers) can be
directly used as a tool for estimation and hypothesis testing. It is important to note
that the modern archivers (like zip, arj, rar, etc.) are based on deep theoretical re-

10,20,24,32:46 and have shown their high efficiency in

sults of the source coding theory
practice because archivers can find many kinds of latent regularities and use them
for compression.

It is worth noting that this approach was applied to the problem of randomness
testing.*2 This problem is quite important for practice; in particular, the National
Institute of Standards and Technology of USA (NIST)has suggested “A statisti-
cal test suite for random and pseudorandom number generators for cryptographic
applications” 33 which consists of 16 tests. It has turned out that tests which are
based on universal codes are more powerful than the tests suggested by NIST .42

The outline of this chapter is as follows. The next section contains some neces-
sary definitions and facts about predictors, codes, hypothesis testing and description

of one universal code. The section 1.3 and 1.4 are devoted to problems of estimation
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and hypothesis testing, correspondingly, for the case of finite-alphabet time series.
The case of infinite alphabets is considered in the 1.5 section. All proofs are given
in Appendix, but some intuitive indication are given in the body of the chapter.

1.2. Definitions and Statements of the Problems

1.2.1. FEstimation and Prediction for I.I.D. Sources

First we consider a source with unknown statistics which generates sequences
1o -+ of letters from some set (or alphabet) A. It will be convenient now
to describe briefly the prediction problem. Let the source generate a message
1 ...x4-17x, x; € A for all i, and the following letter x;,1 needs to be predicted.
This problem can be traced back to Laplace'!'?? who considered the problem of
estimation of the probability that the sun will rise tomorrow, given that it has
risen every day since Creation. In our notation the alphabet A contains two letters
0 ("the sun rises”) and 1 ("the sun does not rise”), t is the number of days since
Creation, x1...x¢_12; = 00...0.
Laplace suggested the following predictor:

Lo(alay---x) = (Vaya, (a) + 1) /(E+ |A]), (1.1)

where vy, ..., (@) denotes the count of letter a occurring in the word zy ...z —12;. It
is important to note that the predicted probabilities cannot be equal to zero even
through a certain letter did not occur in the word 7 ...x—1xs.

Example 1.1. Let A = {0,1}, z;...x5 = 01010, then the Laplace prediction
is as follows: Lo(xg = Olxy..x5 = 01010) = 3+ 1)/(5 + 2) = 4/7,Lo(zs =
1xy.. ks = 01010) = (24 1)/(5 + 2) = 3/7. In other words, 3/7 and 4/7
are estimations of the unknown probabilities P(zty1 = O|zy ...z = 01010) and
P(z¢41 = 1|ay ... 2¢ = 01010). (In what follows we will use the shorter notation:
P(0/01010) and P(1]01010)).

We can see that Laplace considered prediction as a set of estimations of un-
known (conditional) probabilities. This approach to the problem of prediction was
developed in 19882 and now is often called on-line prediction or universal pre-
diction.19:27:28  Ag we mentioned above, it seems natural to consider conditional
probabilities to be the best prediction, because they contain all information about
the future behavior of the stochastic process. Moreover, this approach is deeply
17:37 and, in fact, all

obtained results can be easily transferred from one model to the other.

connected with game-theoretical interpretation of prediction

Any predictor v defines a measure (or an estimation of probability) by the
following equation

t

Y(z1...x) = H’y(mi|x1...xi,1). (1.2)

i=1
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And, vice versa, any measure v (or estimation of probability) defines a predictor:
’y(l’z|£L’1 1’1’*1) = ’Y(.’El .’EZ,1$Z)/7("E1 (Eifl). (13)

Example 1.2. Let us apply the Laplace predictor for estimation of probabilities of

the sequences 01010 and 010101. From (1.2) we obtain Ly(01010) = $£223 = &,

Ly(010101) = %% = ﬁ. Vice versa, if for some measure (or a probability es-
timation) x we have x(01010) = & and x(010101) = 15, then we obtain from

(1.3) the following prediction, or the estimation of the conditional probability,
x(1[01010) = 0 = 2.

Now we concretize the class of stochastic processes which will be considered.
Generally speaking, we will deal with so-called stationary and ergodic time series
(or sources), whose definition will be given later, but now we consider may be the
simplest class of such processes, which are called i.i.d. sources. By definition, they
generate independent and identically distributed random variables from some set

A. In our case A will be either some alphabet or a real-valued interval.

The next natural question is how to measure the errors of prediction and estimation
of probability. Mainly we will measure these errors by the Kullback-Leibler (KL)
divergence which is defined by

P(a)

D(P,Q) =Y _ P(a)log an) , (1.4)
a€A

where P(a) and Q(a) are probability distributions over an alphabet A (here and
below log = log, and 0log0 = 0). The probability distribution P(a) can be con-
sidered as unknown whereas Q(a) is its estimation. It is well-known that for any
distributions P and @ the KL divergence is nonnegative and equals 0 if and only
if P(a) = Q(a) for all a.'* So, if the estimation Q is equal to P, the error is 0,
otherwise the error is a positive number.

The KL divergence is connected with the so-called variation distance

1P =Qll="P(a) - Q(a),

acA
via the the following inequality (Pinsker’s inequality)

Z P(a)log

a€cA

P(a loge
Qla 2

) 2
B 1P =@l (1.5)
Let v be a predictor, i.e. an estimation of an unknown conditional probability
and x7---x; be a sequence of letters created by an unknown source P. The KL
divergence between P and the predictor v is equal to

P(a|zy - x)

py.p(Ty-xp) = Z P(al|zy---2¢)log valar - x7)

acA

; (1.6)
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For fixed t it is a random variable, because z1, o, - - , x; are random variables. We
define the average error at time ¢ by

PPN =E (prp())= Y Plara) pyples---z) (1.7)

21w EAL

Pa|zy - xt)

Yalzy @)

= Z P(.Il"'.’L‘t) Zp(a‘xl"'xt)l()g

x1---xi EAL acA

Analogously, if v( ) is an estimation of a probability distribution we define the errors
per letter as follows:

Py p(z1y) =t (log(P(zy...w) /y(21...2)) (1.8)
and
p(P|ly)=t! Z P(zy...x¢) log(P(xy..xt) /y(x1...2)), (1.9)
x1...T4 €At

where, as before, y(z1...z:) = [['_, v(xilz1...z:_1). (Here and below we denote by
At and A* the set of all words of length ¢ over A and the set of all finite words over
A correspondingly: A* = J;=, A%.)

Claim 1.1 (3%). For any i.i.d. source P generating letters from an alphabet A and
an integer t the average error (1.7) of the Laplace predictor and the average error
of the Laplace estimator are upper bounded as follows:

p'(Pl|Lo) < ((|A] - 1) loge)/(t + 1), (1.10)

7 (PllLo) < (Al - ) log t/t + O(1/1), (1.11)
where e ~ 2.718 is the Euler number.

So, we can see that the average error of the Laplace predictor goes to zero for any
ii.d. source P when the length ¢ of the sample x; ---z; tends to infinity. Such
methods are called universal, because the error goes to zero for any source, or
process. In this case they are universal for the set of all i.i.d. sources generating
letters from the finite alphabet A, but later we consider universal estimators for the
set of stationary and ergodic sources. It is worth noting that the first universal code
for which the estimation (1.11) is valid, was suggested independently by Fitingof'?
and Kolmogorov?! in 1966.

The value

pH(P|y)=t"1 Z P(zy...x¢) log(P(xy..xt) /y(21...xt))
T1...T4 €At
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has one more interpretation connected with data compression. Now we consider the
main idea whereas the more formal definitions will be given later. First we recall
the definition of the Shannon entropy ho(P) for an i.i.d. source P

ho(P) = =Y P(a)log P(a). (1.12)
acA
It is easy to see that t=' > . P(x1..2;)1og(P(z1..x1)) = —ho(P) for the
i.i.d. source. Hence, we can represent the average error p'(P|y) in (1.9) as

p(Plly) =t" Z P(xy..x)log(1/y(z1...2¢)) — ho(P).

T1...T4 €A

More formal and general consideration of universal codes will be given later, but
here we briefly show how estimations and codes are connected. The point is that
one can construct a code with codelength Yeoge(alzy - -+ x¢) = —logy y(alz1 - - x4)
for any letter a € A (since Shannon’s original research, it has been well known that,
using block codes with large block length or more modern methods of arithmetic
coding3! | the approximation may be as accurate as you like). If one knows the
real distribution P, one can base coding on the true distribution P and not on the
prediction . The difference in performance measured by average code length is

given by
> Plafay---a)(—logyy(alzy -~ @) = Y Plalwy -+ ) (— logy Plalar - - )
acA a€A

P(a|zy - xy)

Valzy - -a)

= Z P(a|zy - - xt) log,
acA
Thus this excess is exactly the error defined above (1.6) . Analogously, if we encode
the sequence x7 ...x; based on a predictor v the redundancy per letter is defined
by (1.8) and (1.9). So, from mathematical point of view, the estimation of the
limiting probabilities and universal coding are identical. But — log~y(zy...x:+) and
— log P(x...x¢) have a very natural interpretation. The first value is a code word
length (in bits), if the "code” v is applied for compressing the word x;...z; and
the second one is the minimal possible codeword length. The difference is the
redundancy of the code and, at the same time, the error of the predictor. It is
worth noting that there are many other deep interrelations between the universal
coding, prediction and estimation.3?:3°
We can see from the claim and the Pinsker inequality (1.5) that the variation
distance of the Laplace predictor and estimator goes to zero, too. Moreover, it can
be easily shown that the error (1.6) (and the corresponding variation distance) goes
to zero with probability 1, when ¢ goes to infinity. (Informally, it means that the
error (1.6) goes to zero for almost all sequences x - - - & according to the measure
P. ) Obviously, such properties are very desirable for any predictor and for larger
classes of sources, like Markov and stationary ergodic (they will be briefly defined in
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the next subsection). However, it is proven® that such predictors do not exist for
the class of all stationary and ergodic sources (generating letters from a given finite
alphabet). More precisely, if, for example, the alphabet has two letters, then for
any predictor v and for any § > 0 there exists a source P such that with probability
1 py,p(z1---2¢) > 1/2—4 infinitely often when ¢ — co. In other words, the error of
any predictor may not go to 0, if the predictor is applied to an arbitrary stationary
and ergodic source, that is why it is difficult to use (1.6) and (1.7) to compare
different predictors. On the other hand, it is shown®® that there exists a predictor
R, such that the following Cesaro average t=* >>'_, pr p(z1---2;) goes to 0 (with
probability 1) for any stationary and ergodic source P, where t goes to infinity.
(This predictor will be described in the next subsection.) That is why we will focus
our attention on such averages. From the definitions (1.6), (1.7) and properties of
the logarithm we can see that for any probability distribution ~y

tt Zp%p(xl coewy) =t (log(P(@y...xy) /y(1...4)),

t

Y PPl =t > P(ayay) log(P(zy..a) /y(w1..10)).

i=1 T1...T: €At

Taking into account these equations, we can see from the definitions (1.8) and (1.9)
that the Chesaro averages of the prediction errors (1.6) and (1.7) are equal to the
errors of estimation of limiting probabilities (1.8) and (1.9). That is why we will
use values (1.8) and (1.9) as the main measures of the precision throughout the
chapter.

A natural problem is to find a predictor and an estimator of the limiting prob-
abilities whose average error (1.9) is minimal for the set of i.i.d. sources. This
problem was considered and solved by Krichevsky.?32* He suggested the following
predictor:

Ko(alzy -+ x) = (Vo a (@) +1/2)/(t + |A]/2), (1.13)

where, as before, v, ..., (a) is the number of occurrencies of the letter a in the word
1 ...2¢. We can see that the Krychevsky predictor is quite close to the Laplace’s
one (1.35).

Example 1.3. Let A = {0,1}, z;...x5 = 01010. Then Ky(zg = 0/01010) = (3 +
1/2)/(5+1) = 7/12, Ko(z6 = 1]01010) = (2+1/2)/(5+1) = 5/12 and K,(01010) =
11131 _ 3

24282 7 256"
The Krichevsky measure K can be represented as follows:

e @) 412 TLeaT G - 1/2))
o) = e =" e

=1

(1.14)
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It is known that

(r+1/2)((r +1) +1/2)...(s — 1/2) = m (1.15)
where I'() is the gamma function.?? So, (1.14) can be presented as follows:
fotonan = MaeaMs @ sy 002

L(t+A41/2) /T(]A]/2)
The following claim shows that the error of the Krichevsky estimator is a half of
the Laplace’s one.

Claim 1.2. For any i.i.d. source P generating letters from a finite alphabet A the
average error (1.9) of the estimator Ky is upper bounded as follows:

pi(Ko, P) =t} Z P(zy..z)log(P(z1...2) / Ko(x1...x)) =

x1...T4 €At

tt Z P(zy..2¢)log(1/Ko(z1...7¢))—ho(p) < ((|A|-1) logt+C)/(2t), (1.17)

T1...T¢ €A

where C' is a constant.

Moreover, in a certain sense this average error is minimal: it is shown by
Krichevsky?? that for any predictor v there exists such a source P* that

pi(1.P*) = (A - 1) logt + C')/(20).

Hence, the bound ((JA| — 1)logt + C)/(2t) cannot be reduced and the Krichevsky
estimator is the best (up to O(1/t)) if the error is measured by the KL divergence p.

1.2.2. Consistent Estimations and On-line Predictors for Markov
and Stationary Ergodic Processes

Now we briefly describe consistent estimations of unknown probabilities and efficient
on-line predictors for general stochastic processes (or sources of information).

First we give a formal definition of stationary ergodic processes. The time shift
T on A* is defined as T(x1,x9,23,...) = (22,23,...). A process P is called
stationary if it is T-invariant: P(T~'B) = P(B) for every Borel set B C A®. A
stationary process is called ergodic if every T-invariant set has probability 0 or 1:
P(B) =0 or 1 whenever T~!B = B.514

We denote by My, (A) the set of all stationary and ergodic sources and let
My(A) C Mo (A) be the set of all i.i.d. processes. We denote by M, (A) C M (A)
the set of Markov sources of order (or with memory, or connectivity) not larger
than m, m > 0. By definition p € M,,(A) if

I( T4 = Q3 |Tp = Qigy T1 = Gy eoe s Tpmnp 1 = iy o) (1.18)
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= (Tiq1 = a4, |2 = G4y, T4 = Ajgy vor s Tt—m41 = az'mﬂ)

for all t > m and a;,,a,,... € A. Let M*(A) = [J;2, M;(A) be the set of all
finite-order sources.

The Laplace and Krichevsky predictors can be extended to general Markov pro-
cesses. The trick is to view a Markov source p € M,,(A) as resulting from |A|™
i.i.d. sources. We illustrate this idea by an example.** So assume that A = {O, I},
m = 2 and assume that the source p € My(A) has generated the sequence

OOIOIIOOIIIOIO.
We represent this sequence by the following four subsequences:

sk Lok ok ok ok ok T sk ok sk ko
xx kO I xxx [ xxx0,
S EEEFETIOFEEEIES

d ok ok ok ok ok Ok k% JO % *.

These four subsequences contain letters which follow OO, OI, IO and II, respec-
tively. By definition, p € M,,(A) if p(a|z:---x1) = plalzt - x4_my1), for all
0<m<t alac Aandall ,---2; € A*. Therefore, each of the four gener-
ated subsequences may be considered to be generated by an i.i.d. source. Further,
it is possible to reconstruct the original sequence if we know the four (= |A|™)
subsequences and the two (= m) first letters of the original sequence.

Any predictor y for i.i.d. sources can be applied to Markov sources. Indeed, in
order to predict, it is enough to store in the memory |A|™ sequences, one corre-
sponding to each word in A™. Thus, in the example, the letter x3 which follows OO
is predicted based on the i.i.d. method  corresponding to the zjzs- subsequence
(= O0), then x4 is predicted based on the i.i.d. method corresponding to zaxs,
i.e. to the OI- subsequence, and so forth. When this scheme is applied along with
either Ly or Ky we denote the obtained predictors as L,, and K,,, correspondingly,
and define the probabilities for the first m letters as follows: L, (1) = Ly, (z2) =
coo = Lp(xm) = 1/|A], Kpn(x1) = Kp(z2) = ... = K (x,) = 1/|A|. For exam-
ple, having taken into account (1.16), we can present the Krichevsky predictors for
M,,,(A) as follows:

1 .
PR if t<m,

Ko (z1...20) = (1.19)

L1 Maea (D(ve(va)+1/2) /T(1/2)
A Lvean =@ )+1a/2 /T04T72)

if t>m,

where 7, (v) = > c 4 Va(va), * = x1...7. It is worth noting that the representation
(1.14) can be more convenient for carrying out calculations if ¢ is small.
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Example 1.4. For the word OOIOIIOOIIIOIO considered in the previous exam-
ple, we obtain Ko(OOIOIIOOITIOIO) = 272 %% %%%% %i% % . Here groups
of multipliers correspond to subsequences I1, OITO, IOI, OIO.

11
21
In order to estimate the error of the Krichevsky predictor K,, we need a general
definition of the Shannon entropy. Let P be a stationary and ergodic source gener-
ating letters from a finite alphabet A. The m— order (conditional) Shannon entropy
and the limiting Shannon entropy are defined as follows:

hm(P) = > P(v) Y P(a/v)log P(a/v), hoo(T) = lim h,,(P).  (1.20)

m— 00
vEA™ acA

(If m = 0 we obtain the definition (1.12).) It is also known that for any m

hoo(P) < hun(P) (1.21)

5,14

Claim 1.3. For any stationary and ergodic source P generating letters from a finite
alphabet A the average error of the Krichevsky predictor K,, is upper bounded as
follows:

ST Plares) log(Kon(21.20) — o (P) < (JAP" (| A~ 1) log £+ C) /(21),
T (1.22)

where C is a constant.

The following so-called empirical Shannon entropy, which is an estimation of the
entropy (1.20), will play a key role in the hypothesis testing. It will be convenient
to consider its definition here, because this notation will be used in the proof of the
next claims. Let v = v1...v, and £ = 122 . .. 2 be words from A*. Denote the rate
of a word v occurring in the sequence x = 122 ... 2k , ToX3 ... Thy1, T3T4 . .. Thto,
veey Ti—f1 - .- Tt @S Vg (). For example, if 2 = 000100 and v = 00, then v, (00) = 3.
For any 0 < k < t the empirical Shannon entropy of order k is defined as follows:

hp(z)=— Y (l_’”(”) g relva) o, velve) (1.23)

il k) = Uy (V) Uy (v)

where x = x1...2¢, U,(v) = D> ,c4Ve(va). In particular, if & = 0, we obtain
Bo(@) = —171 e vila) log(va(a) /1)

Let us define the measure R, which, in fact, is a consistent estimator of proba-
bilities for the class of all stationary and ergodic processes with a finite alphabet.
First we define a probability distribution {w = wy,ws, ...} on integers {1,2,...} by

wy=1-1/log3, ..., w; =1/log(i+1)—1/log(i+2), .... (1.24)

(In what follows we will use this distribution, but results described below are ob-
viously true for any distribution with nonzero probabilities.) The measure R is
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defined as follows:
R(zy.my) =Y wipr Ki(z1..2). (1.25)
i=0

It is worth noting that this construction can be applied to the Laplace measure (if
we use L; instead of K;) and any other family of measures.

Example 1.5. Let us calculate R(00), ..., R(11). From (1.14) and (1.19) we obtain:

Ko(00) = Ko(11) = 1T/2 134721 —3/8, Ko(01) = Ko(10) =

RILIRY:]

=1/8
1+014+1 /8,

K;(00) = K;(01) = K;(10) = K;(11) = 1/4; , i > 1.

Having taken into account the definitions of w; (1.24) and the measure R (1.25), we
can calculate R(z122) as follows:

R(00) = w; Ko(00) +ws K1 (00) + ... = (1—1/log3)3/8+ (1/log3 —1/log4) 1/4+

(1/1logd —1/log5)1/4+ ... =(1—1/log3) 3/8+ (1/1log3) 1/4 ~ 0.296.
Analogously, R(01) = R(10) ~ 0.204, R(11) =~ 0.296.

The main properties of the measure R are connected with the Shannon entropy
(1.20).

Theorem 1.1 (35). For any stationary and ergodic source P the following equali-
ties are valid:

i) Jim log(1/R(ey- 1)) = hao(P)

with probability 1,

i) Jim 37 P(u)log(1/R(u) = hao(P).

ucAt

So, if one uses the measure R for data compression in such a way that the codeword
length of the sequence z; - - - 2 is (approximately) equal to log(1/R(xy - - - x¢)) bits,
he/she obtains the best achievable data compression ratio heo(P) per letter. On
the other hand, we know that the redundancy of a universal code and the error of
corresponding predictor are equal. Hence, if one uses the measure R for estimation
and/or prediction, the error (per letter) will go to zero.
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1.2.3. Hypothesis Testing

Here we briefly describe the main notions of hypothesis testing and the two particu-
lar problems considered below. A statistical test is formulated to test a specific null
hypothesis (Hp). Associated with this null hypothesis is the alternative hypothesis
(H;).3% For example, we will consider the two following problems: goodness-of-fit
testing (or identity testing) and testing of serial independence. Both problems are
well known in mathematical statistics and there is an extensive literature dealing
with their nonparametric testing.2-8%12

The goodness-of-fit testing is described as follows: a hypothesis H{? is that the
source has a particular distribution 7 and the alternative hypothesis Hi¢ that the
sequence is generated by a stationary and ergodic source which differs from the
source under Héd. One particular case, mentioned in Introduction, is when the
source alphabet A is {0,1} and the main hypothesis Héd is that a bit sequence is
generated by the Bernoulli i.i.d. source with equal probabilities of 0’s and 1’s. In
all cases, the testing should be based on a sample z ... x; generated by the source.

The second problem is as follows: the null hypothesis Hgl is that the source is
Markovian of order not larger than m, (m > 0), and the alternative hypothesis H?’
is that the sequence is generated by a stationary and ergodic source which differs
from the source under H3'. In particular, if m = 0, this is the problem of testing
for independence of time series.

For each applied test, a decision is derived that accepts or rejects the null hypoth-
esis. During the test, a test statistic value is computed on the data (the sequence
being tested). This test statistic value is compared to the critical value. If the test
statistic value exceeds the critical value, the null hypothesis is rejected. Otherwise,
the null hypothesis is accepted. So, statistical hypothesis testing is a conclusion-
generation procedure that has two possible outcomes: either accept Hy or accept
Hl.

Errors of the two following types are possible: The Type I error occurs if H
is true but the test accepts H; and, vice versa, the Type II error occurs if H; is
true, but the test accepts Hy. The probability of Type I error is often called the
level of significance of the test. This probability can be set prior to the testing and
is denoted «. For a test, « is the probability that the test will say that Hy is not
true when it really is true. Common values of o are about 0.01. The probabilities
of Type I and Type II errors are related to each other and to the size n of the
tested sequence in such a way that if two of them are specified, the third value is
automatically determined. Practitioners usually select a sample size n and a value
for the probability of the Type I error - the level of significance.?3

1.2.4. Codes

We briefly describe the main definitions and properties (without proofs) of lossless
codes, or methods of (lossless) data compression. A data compression method (or
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code) ¢ is defined as a set of mappings ¢, such that ¢, : A" — {0,1}*, n=1,2,...
and for each pair of different words x,y € A™ ¢, (x) # p,(y). It is also required
that each sequence @, (u1)en(u2)...on(u,),r > 1, of encoded words from the set
A™ n > 1, could be uniquely decoded into ujus...u,.. Such codes are called uniquely
decodable. For example, let A = {a, b}, the code ¥ (a) = 0,1(b) = 00, obviously,
is not uniquely decodable. In what follows we call uniquely decodable codes just
7codes”. Tt is well known that if ¢ is a code then the lengths of the codewords
satisfy the following inequality (Kraft’s inequality)™ : $,can 2712 (W < 1. Tt will
be convenient to reformulate this property as follows:

Claim 1.4. Let ¢ be a code over an alphabet A. Then for any integer n there exists
a measure p, on A" such that

—log i (u) < |p(u)] (1.26)

for any u from A™.

(Obviously, this claim is true for the measure i, (u) = 2719(W/5, ¢ 4 27l

It was mentioned above that, in a certain sense, the opposite claim is true, too.
Namely, for any probability measure ;i defined on A™,n > 1, there exists a code ¢,
such that

o (u)| = —log p(u). (1.27)

(More precisely, for any & > 0 one can construct such a code 5, that [} (u)| <
—log u(u) + € for any u € A™. Such a code can be constructed by applying a so-
called arithmetic coding3! .) For example, for the above described measure R we
can construct a code R.,4e such that

| Reode(u)] = —log R(u). (1.28)

As we mentioned above there exist universal codes. For their description we recall
that sequences x1 ... x;, generated by a source P, can be ”compressed” to the length
—log P(xy...z¢) bits (see (1.27)) and, on the other hand, for any source P there is
no code ¢ for which the average codeword length (X,ca¢ P(u)|¢(u)]) is less than
—Yueat P(u)log P(u). Universal codes can reach the lower bound —log P(x;...zy)
asymptotically for any stationary and ergodic source P in average and with proba-
bility 1. The formal definition is as follows: a code U is universal if for any stationary
and ergodic source P the following equalities are valid:

tlim |U(x1...2)|/t = hoo(P) (1.29)
with probability 1, and
tlim E(JU(zy...2:)])/t = hoo(P), (1.30)

where E(f) is the expected value of f, hoo(P) is the Shannon entropy of P, see (1.21).
So, informally speaking, a universal code estimates the probability characteristics
of a source and uses them for efficient ”compression”.
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In this chapter we mainly consider finite-alphabet and real-valued sources, but
sources with countable alphabet also were considered by many authors.*:16:18:39,40
In particular, it is shown that, for infinite alphabet, without any condition on the
source distribution it is impossible to have universal source code and/or universal
predictor, i.e. such a predictor whose average error goes to zero, when the length
of a sequence goes to infinity. On the other hand, there are some necessary and
sufficient conditions for existence of universal codes and predictors.* 1839

1.3. Finite Alphabet Processes

1.3.1. The Estimation of (Limiting) Probabilities

The following theorem shows how universal codes can be applied for probability
estimation.

Theorem 1.2. Let U be a universal code and
po(u) =270y, o 27100 (1.31)

Then, for any stationary and ergodic source P the following equalities are valid:

|
i) Jim ~(=log Pzy - @) — (= log py (w1 -+ 21))) = 0

with probability 1,

i) lim = 3 P(u)log(P(u)/u(u) = 0.

t—oo

ucAt

The informal outline of the proof ia as follows: 1(—logP(2y---2;) and
+(—log py (w1 -+ x1)) goes to the Shannon entropy heo(P), that is why the dif-
ference is 0.

So, we can see that, in a certain sense, the measure py is a consistent nonpara-
metric estimation of the (unknown) measure P.

Nowadays there are many efficient universal codes (and universal predictors con-
nected with them), which can be applied to estimation. For example, the above
described measure R is based on a universal code®*3® and can be applied for prob-
ability estimation. More precisely, Theorem 1.2 (and the following theorems) are
true for R, if we replace py by R.

It is important to note that the measure R has some additional properties, which
can be useful for applications. The following theorem describes these properties
(whereas all other theorems are valid for all universal codes and corresponding
measures, including the measure R).

Theorem 1.3. (%435 ) For any Markov process P with memory k



July 17, 2008 12:54 World Scientific Review Volume - 9.75in x 6.5in part-07-08-FINAL

Applications of Universal Source Coding to Statistical Analysis of Time Series 15

i) the error of the probability estimator, which is based on the measure R, is
upper—bounded as follows:

- Z p log )/R( )) (|A‘ — 1)|A|k10gt +0 <1) ,

2t t
uEAt

i1) the error of R is asymptotically minimal in the following sense: for any
measure i there exists a k—memory Markov process p, such that

£ 3 pu) ogtpu) /) > AR o (1),

2t
ueAt

iii) Let © be a set of stationary and ergodic processes such that there exists
a measure ug for which the estimation error of the probability goes to 0
uniformly:

Jim sup (1 > P(u)log (P(U)/ue(U))> =0.

ug At
Then the error of the estimator which is based on the measure R, goes to 0
uniformly too:

lim sup <1 > P(u) log(P(u)/R(u))> =0.

t—oo peo wear

1.3.2. Prediction

As we mentioned above, any universal code U can be applied for prediction. Namely,
the measure py (1.31) can be used for prediction as the following conditional prob-
ability:

pu (i1 |zr.2e) = pu (1. xpxee1) /pu (1 ..21). (1.32)

The following theorem shows that such a predictor is quite reasonable. Moreover, it
gives a possibility to apply practically used data compressors for prediction of real
data (like EUR/USD rate) and obtain quite precise estimation*!

Theorem 1.4. Let U be a universal code and P be any stationary and ergodic
process. Then

) P(z1) P(z3]z1) P(x¢|zy...w4—1)
) lim L (B 4 E(log 2TV y L Blog 2T o) yy g
) fim g B es ey T e ) log o @l e 1))
=
ZZ) tliglo E(; (P($i+1|$1...$i) - uy(xi+1|x1...xi))2) = 0,
i=0
and

1i1) hm E(- Z|P Tip1|®1..wi) — pu(xip1|er..z;)]) = 0.
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An informal outline of the proof is as follows:
P(x1) P(as|21)
pu (1) pu (w2|z)

P(x1...z¢)
nu(zy...z)
statement of the theorem.

P(xy|xy...xp—1)

pu (2|21 20-1)

1
7 {E(log ) + E(log +...+ E(log

is equal to %E (log ). Taking into account Theorem 1.2, we obtain the first

Comment. The measure R described above has one additional property if it is
used for prediction. Namely, for any Markov process P (P € M*(A)) the following
is true:

P(zy1|Ty...x0¢)

=0
R(l’t+1 |£L’1...£L't)

lim log
t—o0

with probability 1, where R(xy1|71...7¢) = R(21..242041)/R(21...14).3C

Comment. It is known*® that, in fact, the statements ii) and iii) are equivalent.

1.3.3. Problems with Side Information

Now we consider the so-called problems with side information, which are described
as follows: there is a stationary and ergodic source whose alphabet A is presented
as a product A = X x Y. We are given a sequence (x1,y1),..., (t—1,¥%:—1) and
side information y;. The goal is to predict, or estimate, z;. This problem arises in
statistical decision theory, pattern recognition, and machine learning. Obviously,
if someone knows the conditional probabilities P(z¢| (z1,91),- -, (Tt—1,Yt—1),Yt)
for all x; € X, he has all information about z;, available before z; is known. That
is why we will look for the best (or, at least, good) estimations for this conditional
probabilities. Our solution will be based on results obtained in the previous sub-
section. More precisely, for any universal code U and the corresponding measure
puy (1.31) we define the following estimate for the problem with side information:

,lLU((l’l,yl)7 ey (xt—lvyt—l)v (xtvyt))
z.€X MU((xhyl)u sy (‘rtflvytfl)v (mt7yt>)

The following theorem shows that this estimate is quite reasonable.

pu(@el(x,yn), -y (Te—1,Ye—1), ¥t) = Z

Theorem 1.5. Let U be a universal code and let P be any stationary and ergodic
process. Then

P(xi|y1)
pu (z1]y1)

P(x2|(21,91), y2)
pu(z2|(z1,y1), y2)

1
i) lim — {E(log )+ E(log
t—oo t

P(xt|(x17y1)a sy ($t717yt—1)7yt)

+FE(lo =0,

( g.UU(xthlayl))--w(xt—layt—l)ayt) }
=

i) fim E(> ) (P(@inl(@1,91), o (20, 9), Yirr)) =

Il
o

%
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po (@i | (21, 91), 00 (20, 90),9i1))?) = 0,
and
1 t—1
1) tlirgoE(? z;\P($i+1|($17y1),---,(ﬂﬁuyi),yiﬂ))—
1=
pu(Tipa|(@e, y1)s - (@6, %), 1)) = 0.

The proof is very close to the proof of the previous theorem.

1.3.4. The Case of Several Independent Samples

In this part we consider a situation which is important for practical applications,
but needs cumbersome notations. Namely, we extend our consideration to the

case where the sample is presented as several independent samples 2! = 1 ... x%l,

2 _ .2 2 r
TZ =] Ty T

= x7...x; generated by a source. More precisely, we will
suppose that all sequences were independently created by one stationary and er-
godic source. (The point is that it is impossible just to combine all samples into
one, if the source is not ii.d.) We denote them by z!' ¢ 22 ¢ ... o 2" and de-
fine V10020 00 (V) = Do Vyi(v). For example, if ! = 0010,22 = 011, then
Vgio22(00) = 1. The definition of K, and R can be extended to this case:

Kn(rtoz?o..oa") = (1.33)

T i, [Toca (C(Waioazo. opr (va) +1/2) /T(1/2))
(E|A| e 1 (F/(lﬂmlmzo...w(v)+|A|/2)/F(IAI/2)) ’

vEA™

whereas the definition of R is the same (see (1.25) ). (Here, as before,

Unlog2o..0am (V) = Y aca Valow?o..0xr (Va). Note, that Uyiop2e opr() = Doyt if
m=0.)

The following example is intended to show the difference between the case of
many samples and one.

Example 1.6. Let there be two independent samples y = y;...y4 = 0101 and
T =x1...2x3 = 101, generated by a stationary and ergodic source with the alpha-
bet {0, 1}. One wants to estimate the (limiting) probabilities P(z122), 21, 22 € {0,1}
(here z125... can be considered as an independent sequence, generated by the
source) and predict z4x5 (i.e. estimate conditional probability P(z4zs|zy...23 =
101,41 ...y4 = 0101). For solving both problems we will use the measure R (see
(1.25)). First we consider the case where P(z122) is to be estimated without knowl-
edge of sequences = and y. Those probabilities were calculated in the example 1.5
and we obtained: R(00) =~ 0.296, R(01) = R(10) ~ 0.204, R(11) =~ 0.296. Let us
now estimate the probability P(z129) taking into account that there are two inde-
pendent samples y = y;1 ...ys = 0101 and « = 21 ...2x3 = 101. First of all we note
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that such estimates are based on the formula for conditional probabilities:
R(zlzoy) =R(zoyoz)/R(zoy).

Then we estimate the frequencies: Vo1010101(0) = 3, Voio1e101(1) = 4,

v01010101(00) = voro10101(11) = 0,v01016101(01) = 3, voi010101(10) =

2,101016101(010) = 1, ¥01010101(101) = 2, 701010101 (0101) = 1, whereas frequencies

of all other three-letters and four-letters words are 0. Then we calculate :

13571 35 135 13
Ko(01010101) = =~ ———— ~ 0.00244, K;(01016101) = (271)? 516 131!

~ 0.0293, K5(0101¢101) ~0.01172, K;(01010101) =277, i >3,
R(01016101) = w1 Ko( 0101 ¢ 101) + wo K1 (01010 101) + ... ~

0.369 0.00244 + 0.131 0.0293 + 0.06932 0.01172 4277 / log 5 ~ 0.0089.

In order to avoid repetitions, we estimate only one probability P(z12ze = 01). Car-
rying out similar calculations, we obtain R(0101 ¢ 101 ¢ 01) = 0.00292, R(z129 =
0llyy...y4s = 0101,z ... 25 = 101) = R(0101 ¢ 101 ¢ 01)/R(0101 ¢ 101) = 0.32812.
If we compare this value and the estimation R(01) ~ 0.204, which is not based on
the knowledge of samples z and y, we can see that the measure R uses additional
information quite naturally (indeed, 01 is quite frequent in y = y; ...y4 = 0101 and
r=x1...23 = 101).

Such generalization can be applied to many universal codes, but, generally speak-
ing, there exist codes U for which U(z! ¢ 2?) is not defined and, hence, the measure
uy(x1 ©x2) is not defined. That is why we will describe properties of the universal
code R, but not of universal codes in general. For the measure R all asymptotic
properties are the same for the cases of one sample and several samples. More
precisely, the following statement is true:

Claim 1.5. Let z',z2,...,2" be independent sequences generated by a stationary
and ergodic source and let t be a total length of these sequences (t = Y ;_, |z]).
Then, if t — oo, (and r is fized) the statements of the Theorems 1.2 - 1.5 are valid,
when applied to x' o 2% o ... o a" instead of w1 ...y (In theorems 1.2 - 1.5 uy
should be changed to R.)

The proofs are completely analogous to the proofs of the Theorems 1.2—1.5.

Now we can extend the definition of the empirical Shannon entropy (1.23) to
the case of several words z! = x%...m,}l, z? = x%‘..xfw..., " = zf...x; . We
define vy10,26. o0 (V) = Yi_; Vsi(v). For example, if 2! = 0010,2? = 011, then
Vpioz2(00) = 1. Analogously to (1.23),

Ugto...oxr (V) Vgle.. oxr(VQ) Vgle. . oxr(VQ)
Wizt ox?o..02") = — L2008 L7008 log =22
k( ) ’UEZAk (t - kT) ZA Vgls.. .oxr (U) Vglo...oxm (U) ,

(1.34)
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where V16 00r (V) = Y ca Valo...oxr (V).
1 _ .1 1 2 _ .2 2 T T T
For any sequence of words z* = @y ... 25, 2° =27 ... 7%, .., T =T7.x from
A* and any measure 0 we define 6(z! o 2% ... 02") = [[;_, 6(z"). The following

lemma gives an upper bound for unknown probabilities.

Lemma 1.1. Let 6 be a measure from M,,(A),m >0, and x',... 2" be words from
A*, whose lengths are not less than m. Then

Ozt o...0x") < 277mm) hin(@’o...0a") (1.35)

where O(zt o ... ox") =[], 6(z?).

1.4. Hypothesis Testing

1.4.1. Goodness-of-Fit or Identity Testing

Now we consider the problem of testing Hi? against Hi?. Let us recall that the
hypothesis H{? is that the source has a particular distribution = and the alternative
hypothesis Hi? that the sequence is generated by a stationary and ergodic source
which differs from the source under Hi?. Let the required level of significance (or
the Type I error) be a, o € (0,1). We describe a statistical test which can be
constructed based on any code ¢.

The main idea of the suggested test is quite natural: compress a sample sequence
z1...x¢ by a code . If the length of the codeword (|p(z1...z;)|) is significantly less
than the value —log w(zy...2¢), then Héd should be rejected. The key observation
is that the probability of all rejected sequences is quite small for any ¢, that is why
the Type I error can be made small. The precise description of the test is as follows:
The hypothesis H? is accepted if

—logm(zy...xt) — |p(21...2)| < —logav. (1.36)
Otherwise, Hi" is rejected. We denote this test by T4(A, a).

Theorem 1.6. i) For ecach distribution m,« € (0,1) and a code v, the Type I error
of the described test Téd(A,a) is not larger than « and i) if, in addition, 7 is a
finite-order stationary and ergodic process over A® (i.e. m € M*(A)) and ¢ is a
universal code, then the Type II error of the test T;d(A, a) goes to 0, when t tends
to infinity.

1.4.2. Testing for Serial Independence

Let us recall that the null hypothesis Hj! is that the source is Markovian of order
not larger than m, (m > 0), and the alternative hypothesis H{! is that the sequence
is generated by a stationary and ergodic source which differs from the source under
HE'. In particular, if m = 0, this is the problem of testing for independence of time
series.
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Let there be given a sample x;...xz; generated by an (unknown) source 7. The
main hypothesis Hgl is that the source 7 is Markovian whose order is not greater
than m, (m > 0), and the alternative hypothesis H{! is that the sequence is gen-
erated by a stationary and ergodic source which differs from the source under HSH .
The described test is as follows.

Let ¢ be any code. By definition, the hypothesis HOSI s accepted if

(t—m)hl (x1..2¢) — |o(x1...2¢)| <log(1l/ar), (1.37)
where o € (0,1). Otherwise, H5' is rejected. We denote this test by T5'(A, ).

Theorem 1.7. i) For any code ¢ the Type I error of the test Tgl (A, @) is less than
or equal to o, € (0,1) and, i) if, in addition, ¢ is a universal code, then the Type
1I error of the test TSI(A, a) goes to 0, when t tends to infinity.

1.5. Real-Valued Time Series

1.5.1. Density Estimation and Its Application

Here we address the problem of nonparametric estimation of the density for time se-
ries. Let X; be a time series and the probability distribution of X} is unknown, but it
is known that the time series is stationary and ergodic. We have seen that Shannon-
MacMillan-Breiman theorem played a key role in the case of finite-alphabet pro-
cesses. In this part we will use its generalization to the processes with densities,
which was established by Barron.?
some properties needed for the generalized Shannon-MacMillan-Breiman theorem

First we describe considered processes with

to hold. In what follows, we restrict our attention to processes that take bounded
real valued. However, the main results may be extended to processes taking values
in a compact subset of a separable metric space.

Let B denote the Borel subsets of R, and B* denote the Borel subsets of R,
where R is the set of real numbers. Let R™ be the set of all infinite sequences
T = x1,%2... with z; € R, and let B> denote the usual product sigma field on
R>, generated by the finite dimensional cylinder sets {41,... Ax, R, R, ...}, where
A; € B,i = 1,...,k. Each stochastic process X1, X5,...,X; € R, is defined by a
probability distribution on (R*, B>). Suppose that the joint distribution P, for
(X1,Xs,...,X,) has a probability density function p(zqzs...z,) with respect to
a sigma-finite measure M,,. Assume that the sequence of dominating measures M,
is Markov of order m > 0 with a stationary transition measure. A familiar case for
M, is Lebesgue measure. Let p(x,41]21 ... x,) denote the conditional density given
by the ratio p(x1...xn11) /p(x1...2,) for n > 1. It is known that for stationary
and ergodic processes there exists a so- called relative entropy rate h defined by

h = lim —E(logp(xnt1]z1---zn)), (1.38)
n—oo

where E denotes expectation with respect to P. We will use the following general-
ization of the Shannon-MacMillan-Breiman theorem:
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Claim 1.6 (3). If {X,} is a P—stationary ergodic process with density
p(x1...2n) = dP,/dM,, and hy, < o0 for some n > m, the sequence of relative
entropy densities —(1/n)logp(xy ...x,) convergence almost surely to the relative
entropy rate, i.e.,

lim (—1/n)logp(zy ... 2,) = h (1.39)
with probability 1 (according to P).

Now we return to the estimation problems. Let {II,},n > 1, be an increasing
sequence of finite partitions of R that asymptotically generates the Borel sigma-field
B and let ¥ denote the element of IIj, that contains the point . (Informally, z]
is obtained by quantizing x to k bits of precision.) For integers s and n we define
the following approximation of the density

p’(zy...2,) = P(ac[ls] . .xk])/Mn(m[ls] by, (1.40)
We also consider
hy = lim —E(logp®(zni1|1 ... 2,)). (1.41)

Applying the claim 2 to the density p*(z; ...z;), we obtain that a.s.
1 , -
tlim 7 logp®(z1 ... x¢) = hs. (1.42)

Let U be a universal code, which is defined for any finite alphabet. In order to
describe a density estimate we will use the probability distribution w;,7 =1,2,...,
see (1.24) (In what follows we will use this distribution, but results described below
are obviously true for any distribution with nonzero probabilities.) Now we can
define the density estimate ry as follows:

ru(xy...x¢) = Zwi uU(x[li] . mgl])/Mt(m[f] . xﬁi]) , (1.43)
i=0
where the measure g is defined by (1.31). (It is assumed here that the code
U (x[ll] e x,[f]) is defined for the alphabet, which contains |II;| letters.)
It turns out that, in a certain sense, the density ry(x1...xz;) estimates the
unknown density p(z1 ...zy).

Theorem 1.8. Let X; be a stationary ergodic process with densities p(zy ... x¢)
= dP,/dM; such that
lim h, = h < oo, (1.44)

S§—00
where h and h, are relative entropy rates, see (1.38), (1.41). Then

lim 1log p(@1.-.2e)

—= =0 1.45
t—oo t ru(x1..2¢) (1.45)
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with probability 1 and

1 plry...m)

We have seen that the requirement (1.44) plays an important role in the proof.
The natural question is whether there exist processes for which (1.44) is valid. The
answer is positive. For example, let a process possess values in the interval [—1, 1],
M, be Lebesgue measure and the considered process is Markovian with conditional
density

(xly) = 1/2+a sign(y), if ©<0
P B 1/2 —« sign(y), if ©>0,

where o € (0,1/2) is a parameter and

if y<O,

gn(y) = "
stgn =
T\ ify>o.

In words, the density depends on a sign of the previous value. If the value is positive,
then the density is more than 1/2; otherwise it is less than 1/2. It is easy to see
that (1.44) is true for any « € (0, 1).

The following two theorems are devoted to the conditional probability
ru(x|zy..tm) = ru(x1...2mx)/ru(21...2y) which, in turn, is connected with the
prediction problem. We will see that the conditional density ry(z|zy...2,) is a
reasonable estimation of the unknown density p(z|x1...Zm).

Theorem 1.9. Let By, Bs, ... be a sequence of measurable sets. Then the following
equalities are true:

t—l
. 1
Z tliglo E ; xm-‘rl € B7n+1|$1---x’m) - RU (xm-‘rl S Bm—&—l‘xl-"an))Q) = 07
m:O
(1.47)
t—1

&
| =
]

P(zm+1 € Bmyilzi...xm) — Ru(@mi1 € Bmy1|z1---2m))| =0,

where Ry (i1 € Bma1|T1..m) = me+1 (|@y .. )dMy

We have seen that in a certain sense the estimation 7y approximates the un-
known density p. The following theorem shows that ryy can be used instead of p for
estimation of average values of certain functions.

Theorem 1.10. Let f be an integrable function, whose absolute value is bounded
by a certain constant M and all conditions of the theorem 2 are true. Then the
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following equality is valid:

t—oo

i) lim E f(z) p(z|xy..xm)d My, f(@) rp (]2 ... )d My, )?) = 0,
> / L - [ @ rotalon

(1.48)

t—oo t

i1) lim E Z|/f p(z|zy...Tm) dMp, /f Yro(z|zy...2m) dMpy]) =

It is worth noting that this approach was used for prediction of real processes.*!

1.5.2. Hypothesis Testing

In this subsection we consider a case where the source alphabet A is infinite, say, a
part of R". Our strategy is to use finite partitions of A and to consider hypothe-
ses corresponding to the partitions. This approach can be directly applied to the
goodness-of-fit testing, but it cannot be applied to the serial independence testing.
The point is that if someone combines letters (or states) of a Markov chain, the
chain order (or memory) can increase. For example, if the alphabet contains three
letters, there exists a Markov chain of order one, such that combining two letters
into one transforms the chain into a process with infinite memory. That is why
in this part we will consider the independence testing for i.i.d. processes only (i.e.
processes from My(A)).

In order to avoid repetitions, we will consider a general scheme, which can
be applied to both tests using notations HJ, HY and Tf(A,oz), where R is an
abbreviation of one of the described tests (i.e. id and SI.)

Let us give some definitions. Let A = Ay, ..., A5 be a finite (measurable) partition
of A and let A(x) be an element of the partition A which contains « € A. For any
process m we define a process o over a new alphabet A by the equation

7TA(>\i1~--)\ik) = 7'(‘(3?1 S )‘in Tk € )‘ik)v

where x1...x; € A*.

We will consider an infinite sequence of partitions A = Ay, Ao, .... and say that
such a sequence discriminates between a pair of hypotheses H)(A), H(A) about
processes, if for each process g, for which HI(A) is true, there exists a partition A
for which H'(A;) is true for the process ga,.

Let HY(A), Hi(A)® be a pair of hypotheses, A = A1, Ao, ... be a sequence of
partitions, « be from (0,1) and ¢ be a code. The scheme for both tests is as
follows:

The hypothesis HY(A) is accepted if for all i = 1,2,3, ... the test Tg(Ai, (aw;))
accepts the hypothesis HY(A;). Otherwise, HJ is rejected. We denote this test
Ty, (A).

Comment. It is important to note that one does not need to check an infinite
number of inequalities when applying this test. The point is that the hypothesis
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HE(A) has to be accepted if the left part in (1.36) or (1.37) is less than — log(aw;).
Obviously, —log(aw;) goes to infinity if ¢ increases. That is why there are many
cases, where it is enough to check a finite number of hypotheses H(A;).

Theorem 1.11. i) For each o € (0,1), sequence of partitions A and a code @, the
Type I error of the described test ngo(]\) is not larger than «, and ) if, in addition,
@ is a universal code and A discriminates between HY(A), Hi(A)X, then the Type
II error of the test I§¢(A) goes to 0, when the sample size tends to infinity.

1.6. Conclusion

Time series is a popular model of real stochastic processes which has a lot of ap-
plications in industry, economy, meteorology and many other fields. Despite this,
there are many practically important problems of statistical analysis of time series
which are still open. Among them we can name the problem of estimation of the
limiting probabilities and densities, on-line prediction, regression, classification and
some problems of hypothesis testing (goodness-of-fit testing and testing of serial in-
dependence). This chapter describes a new approach to all the problems mentioned
above, which, on the one hand, gives a possibility to solve the problems in the
framework of the classical mathematical statistics and, on the other hand, allows to
apply methods of real data compression to solve these problems in practise. Such
applications to randomness testing??> and prediction of currency exchange rates*!
showed high efficiency, that is why the suggested methods look very promising for
practical applications. Of course, problems like prediction of price of oil, gold, etc.
and testing of different random number generators can be used as case studies for
students.

1.7. Problems for Chapter

Problem 1.1. Suppose 010101 is a sequence generated by a source whose alphabet
is {0,1}. Calculate the probabilities Ly(01010) and Ko(01010). Predict the next
symbol by the predictors Ly and Ky (i.e. calculate the conditional probabilities
Ly(0|01010), Lo(1|01010) and Ky(0]01010), K0(1|01010) ).

Problem 1.2. Suppose the sequence 010101 is generated by the first order Markov
chain and the alphabet is {0,1} (i.e. the source belongs to M1({0,1}) ).

i) Represent this sequence by two ones generated by i.i.d. sources.

it) Repeat all calculations from Problem 1.1 for Ly and K;. Compare results of
Problems 1.1 and 1.2 . Explain the difference.

Problem 1.3. For the sequence 001100110011 calculate the following empirical
Shannon entropies: h§, hi and hj.
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Problem 1.4. Repeat all calculations from Problem 1.1 for the measure R. Com-
pare obtained results with solutions of Problems 1.1 and 1.2 .

Problem 1.5. Let p(a) = 000, p(b) = 01, ¢(c) = 001, ¢(d) = 1 be a code over the
alphabet {a,b,c,d}. Calculate the corresponding measure [i,.

Problem 1.6. (problems with side information) Let alphabets X and Y be as
follows: A = {0,1}, Y = {a,b,c}, correspondingly. There is a sequence
(x1,91),---,(xa,y1) = (0,a),(1,¢),(1,b),(0,a) and it is known that y5 = a. Pre-
dict x5 based on the measure R, i.e. estimate the following conditional probabilities:

R(£E5 = 0|($1,y1),. SRR (.1‘4,y4) = (O,CL), (l,c), (1,0),(0,a),y5 = a),

R(J,‘5 = 1|(»’U1,yl)7 SRR (33473!4) = (O,Cl), (1,6), (17b)7 (O’a)ayt') = a)'

Problem 1.7. (several independent samples) Let there be two independent samples
#l = zi..2l = 10101 and ' = 2%..22 = 010101, generated by a stationary and
ergodic source with the alphabet 0, 1. Based on the measure R estimate the (limiting)
probability P(x1zex3 = 010! 0 22 = 101010 010101) and predict 2 (i.e. calculate
conditional probability R(z2 = 0|z' ¢ 22 = 10101 © 010101) and R(22 = 1|z! o 22
= 10101 ¢010101).

Problem 1.8. (several independent samples) For the sequences 010101 and 010
calculate the following empirical Shannon entropies: h{(010101 ¢ 010), hj(010101 ¢
010) and h3(010101 < 010).

Problem 1.9. (hypothesis testing) Let Hi? be a hypothesis that a source T is i.i.d.
and generates letters from the alphabet {0,1} with equal probabilities, i.e. w(0) =
7(1) = 0.5. The hypothesis Hi? is that the sequence is generated by a stationary and
ergodic source which differs from the source under Hi® and the level of significance
(o) is 0.01. There is a sample sequence 0101010101. The problem is to test HY?
based on the two following codes:

i) the Laplace code Lgcoqe whose codeword length is given by Lo coqe(u) =
—log Lo(u) and

i) the Reoqe whose codeword length is given by Reoqe(u) = —log R(u)

Problem 1.10. (hypothesis testing) Let H5T be a hypothesis that is that the source
is Markovian of order not larger than 1, and the alternative hypothesis Hy! is that
the source is stationary and ergodic which differs from the source under HST. There
is a sequence 001001001001 and let the level of significance be 0.01. The problem is
to test H@gl against Higl based on the code R.oge.

Problem 1.11. (hypothesis testing) Use the same sequence and the same « as
in the previous problem for testing HST that the source is Markovian of order not
larger than 2, and the alternative hypothesis H{! is that the source is stationary
and ergodic which differs from the source under HEI. Compare results of two last
problems and explain the difference.
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1.8. Appendix

Proof. [Claim 1.1] We employ the general inequality
D(ulln) <loge (=14 > u(a)*/n(a))
a€A

valid for any distributions u and n over A (follows from the elementary inequality
for natural logarithm Inz < x — 1), and find:

p'(P||Lo) = Z P(xy---xy) Zp(a|x1...xt)1ogw

T1--xe EA?L acA ’7(0,‘1}1 o xt)

=loge ( Z P(xy--- ) ZP(G|$1"'%)1HM)

xy-x €AY acA V(a‘xl xt)

P(a)?(t + |A])

<loge(—1+ Z P(ml'“gjt)z%ww(a)"'l

x1---Ti AL acA

Applying the well-known Bernoulli formula, we obtain

PPIL) —toge -1+ 3 30 POEHIAD by pyy — piayemsy

1+ 1 7
acA i=0 +

= loge (~1+ +|A|Z Z (‘T 1P+ (1 - P(a)))

acA i= it 1
t+]A = . )
<loge(— t++| 1 | Z Z tj 1)P((I)J(l — P(a)) 7).
a€cA 7=0

Again, using the Bernoulli formula, we finish the proof
Al -1
t+1°

The second statement of the claim follows from the well-known asymptotic equality

p(PllLo) = loge

14+1/2+1/3+ ...+ 1/t =Int +0(1),
the obvious presentation
p'(PllLo) = ¢~ (p°(P||Lo) + p* (P|[Lo) + - + p' (|| Lo))

and (1.10). O
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Proof. [Claim 1.2] The first equality follows from the definition (1.9), whereas
the second from the definition (1.12). From (1.16) we obtain:

L(1Al/2) [laea (' (a) +1/2)
T(1/2)A  T((t+]A]/2)

—log Ko(x1...z) = — log( )

= c1 + co|A| + log It + [A]/2) = Y " T(v'(a) + 1/2),
a€cA

where c1, co are constants. Now we use the well known Stirling formula
InT(s) = Inv21 + (s — 1/2)Ins — s + 6/12,
where 6 € (0,1)?? . Using this formula we rewrite the previous equality as
—log Ko(xy...x¢) = — Z vi(a)log(v'(a)/t) + (|A] — 1)logt/2 + &1 + 2| Al
acA
where ¢, ¢ are constants. Hence,

> P(zy...z)(—log(Ko(ar...24)))

T1...x¢ €A

<t( Y Plar...a) (=Y v'(a)log(v'(a)/1) + (JA| = 1) logt/2 + c|Al.

T1...T €At a€A

Applying the well known Jensen inequality for the concave function —zlogx we
obtain the following inequality:

Y Play...w)(—log(Ko(wy...1,)) <

Ty...T €A

—t( Z P(x1...2)((V'(a) /1))

log Z P(zy...x) (Y (a)/t) + (JA] — 1) logt/2 + c|Al.

T1...T4 €A

The source P is i.i.d., that is why the average frequency 3> . 4. P(x1...2)v"(a)
is equal to P(a) for any a € A and we obtain from two last formulas the following
inequality:

Z P(xy...x)(—log(Ko(z1...x¢))

Ty...x4 €A

(= > P(a)log P(a)) + (|A] = 1)logt/2 + c|A| (1.49)
acA

On the other hand,

Z P(zy...xt)(log P(xy...2¢)) = Z P(xy...2¢) Zlog P(z;)

x1...T EAL z1...T4 €At
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=t(>_ P(a)log P(a)). (1.50)

a€cA

From (1.49) and (1.50) we can see that

-1 M Do .
t - zm;emp( 108 T Tar o) = (41— Dlogt/2 e/t O

Proof. [Claim 1.3] First we consider the case where m = 0. The proof for this
case is very close to the proof of the previous claim. Namely, from (1.16) we obtain:

L(1A/2) [laeaT('(a) +1/2)

—1ogKo(a:1.-.xt)=—log(p(l/g)w L((t+14]/2) )

= ¢1+ co A| + log T(t + A|/2) = Y T(v'(a) +1/2),
acA

where c1, co are constants. Now we use the well known Stirling formula
InT(s) =Inv2r + (s —1/2)Ins — s+ 6/12,
where 6 € (0,1)?2 . Using this formula we rewrite the previous equality as
—log Ko(xy...x¢) = — Z vi(a)log(vi(a)/t) + (JA| — 1)logt/2 + ¢ + 2| A|,
acA

where €1, ¢ are constants. Having taken into account the definition of the empirical
entropy (1.23), we obtain

—log Ko(xy...w) < th{(zy...x¢) + (|A] — 1) logt/2 + c|A|.
Hence,

Z P(xy...x)(—log(Ko(z1...24)))

T1...v4 €A

> Pzy..x)hi(zr..ox) + (Al = 1) logt/2 + c|Al.

T1...T4EA?L

Having taken into account the definition of the empirical entropy (1.23), we apply
the well known Jensen inequality for the concave function —zlogx and obtain the
following inequality:

> P(ar...a)(—log(Ko(ar..ap)) < +c| Al -

T1...x4 €A

t( Z P(zy...2)((¢v"(a)/t)) log Z P(zy...2¢) (V' (a)/t)+(|A|—1) log t/2.

T1...v4 €A x1...T AL
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P is stationary and ergodic, that is why the average frequency
Y er.wiear P(x1...xp)vt(a) is equal to P(a) for any a € A and we obtain from
two last formulas the following inequality:

Z P(xy...x)(—log(Ko(z1...x¢)) < tho(P) + (|A| — 1) logt/2 + c|Al,

T1..x EA?
where ho(P) is the first order Shannon entropy, see (1.12).

We have seen that any source from M,,(A) can be presented as a ”sum” of |A|™
i.i.d. sources. From this we can easily see that the error of a predictor for the source
from M,,,(A) can be upper bounded by the error of i.i.d. source multiplied by | A|™.
In particular, we obtain from the last inequality and the definition of the Shannon
entropy (1.20) the upper bound (1.22). O

Proof. [Theorem 1.1] We can see from the definition (1.25) of R and the
Claim 1.19 that the average error is upper bounded as follows:

—t7' > P(xy..ay)log(R(2y...24)) — hi(P)
T1...x: €At
< (|AI*(|A] = 1) log t + log(1/wi) + C)/(2t),
for any K = 0,1,2,... Taking into account that for any P € My(A)
limg 00 Ai(P) = hoo(P), we can see that
(Jim ¢~ > P(zy..m)log(R(x1..1)) — hoo(P)) = 0.
Ty...x¢ €A
The second statement of the theorem is proven. The first one can be easily derived

from the ergodicity of P>14 . O

Proof. [Theorem 1.2 | The proof is based on the Shannon-MacMillan-Breiman
theorem which states that for any stationary and ergodic source P

tlim —log P(z1...24)/t = hoo(P)
with probability 1514 . From this equality and (1.29) we obtain the statement i).

The second statement follows from the definition of the Shannon entropy (1.21) and
(1.30). O

Proof. [Theorem 1.4] i) immediately follows from the second statement of the
theorem 1.2 and properties of log. The statement ii) can be proven as follows:

t—1
. 1
tll»rgo E(Z (P($i+1|$1 e .131) - HU(Z‘i+1|Z‘1 . ..Ifi))Q) =
=0
1 t—1
tli>nolo n Z Z Pz . xl)(z |P(alzy ... 2;) — polalzy ... x)])* <

=0 ¢,...0;€EA? acA
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t—1
t P ST
lim &% E E P(zy...x;) E P(a|zy ... xz;)log Plaley...zi) =

toee  t i=0 z1...0; €A ey uy(alzy ... x;)

im (S0 SY P(ay ) log(P(er ) (- 0))).

t—o0 t
T1...x: €A

Here the first inequality is obvious, the second follows from the Pinsker’s inequality
(1.5), the others from properties of expectation and log. iii) can be derived from ii)
and the Jensen inequality for the function 2. O

Proof. [Theorem 1.5] The following inequality follows from the nonnegativity of
the KL divergency (see (1.5)), whereas the equality is obvious.

P(x1]y1) P(x2|(1,91),y2) P(y1)
E(log ——==) + E(log +...< E(log ——=%
18 s Ganlyn)) U s Canl o) ) 1O )
P P P
+E(10g (‘T1|y1) )+E(10g (y2|($17y1) )+E(10g (.’E2|($1,y1),y2)
o (z1|y1) pu (y2l(21,91) pu (22|(T1,91), yo)
P P
= B(log (z1,41) ) + E(log (2, y2)(z1,91))
pu (w1, y1) pu (w2, y2) (21, 91))
Now we can apply the first statement of the previous theorem to the last sum as
follows:
1 P P
lim - E(log (z1,91) ) + E(log ((z2,92)|(21,91))
t—oo ¢ o (21, y1) po (2, y2)| (21, 91))
E(log P((ze,y)|(z1,91) - - - (@e—1,41-1)) ) = 0.

po (e, yo) (@1, 91) - (Te—1, Y1)
From this equality and the last inequality we obtain the proof of i). The proof of
the second statement can be obtained from the similar representation for ii) and
the second statement of the theorem 4. iii) can be derived from ii) and the Jensen
inequality for the function z2. O

Proof. [Lemma 1.1] . First we show that for any source 8* € My(A) and any

words x! = x%...x,}l, vy T =2y
0" (z' o..oa™) = [ (07 (a)sreoer(®
acA
< [ oo oar (@) /t)st e eer @) (1.51)
a€A

where t = Y_._, t;. Here the equality holds, because 6* € My(A) . The inequality
follows from Claim 1. Indeed, if p(a) = vg1e.. o2 (a)/t and ¢(a) = 6*(a), then

Z Velo. oxr (a) IOg (Vrlo...om7‘(a)/t) > 0.

= t 0*(a)
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From the latter inequality we obtain (1.51). Taking into account the definition (1.34)
and (1.51), we can see that the statement of Lemma is true for this particular case.

For any 8 € M, (A) and 2 = x1...x5, 8 > m, we present 0(zy...xs)
as O(z1...xs) = 0@1...2m) [[ucam [laca O(a/u)="®) | where O(zy...z,)
is the limiting probability of the word z;...z,,. Hence, 0(z;...zs) <
[Tucam I[oca 0(a/u)’=("®) | Taking into account the inequality (1.51), we obtain
[Taca 0(a/u) =) < TT,ca(ve(ua)/vy(u))’=*® for any word u. Hence,

O(zy...25) < H He(a/u)%(ua)

u€EA™ a€A

= H H(Vm(ua)/ﬁm(u))uz(ua).

uEA™ a€A

If we apply those inequalities to 6(z! ¢...oz"), we immediately obtain the following

inequalities
9(351 o..ozh) < H H g(a/u)uxlom%r(ua) <
uEA™ acA
H H (Vato. oxr (Ua) [Ugro oqr(u)) et oon" (ua)
uEA™ acA
Now the statement of the Lemma follows from the definition (1.34). O

Proof. [Theorem 1.6] Let C, be a critical set of the test Téd(A,a), ie., by
definition, Co, = {u : v € A" & —logm(u) — |p(u)| > —loga}. Let u, be a
measure for which the claim 2 is true. We define an auxiliary set C, = {u :
—logm(u) — (—log iy (u)) > —loga}. We have 1 > > o po(u) > 30 co m(u)/a
= (1/a)m(Cy). (Here the second inequality follows from the definition of C,,, where-
as all others are obvious.) So, we obtain that 7(C\) < . From definitions of C,, Cy,
and (1.26) we immediately obtain that C, D C,. Thus, 7(Cy) < . By definition,
m(Cy) is the value of the Type I error. The first statement of the theorem is proven.

Let us prove the second statement of the theorem. Suppose that the hypothesis
Hi(A) is true. That is, the sequence x; ..., is generated by some stationary and
ergodic source 7 and 7 # 7. Our strategy is to show that

tlim —logm(zy...x¢) — |p(z1...2)| = 0 (1.52)
with probability 1 (according to the measure 7). First we represent (1.52) as
—logm(xy...x) — |p(x1 ... 24)]

- t@lgwgi + Htogr(er .z~ o a))

From this equality and the property of a universal code (1.29) we obtain

1 T(T1...2
—logm(xy...2¢) — |p(z1...240)] :t(flogM

Jlog Ll o)) (1.53)
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From (1.29) and (1.21) we can see that
tlim —log7(zy...2)/t < h(T) (1.54)

for any k > 0 (with probability 1). It is supposed that the process 7 has a finite
memory, i.e. belongs to M,(A) for some s. Having taken into account the definition
of Ms(A) (1.18), we obtain the following representation:

¢
—logm(xy ... .xy)/t = =t} Zlog m(xi/T1 ... 2i-1)
i=1

k t
:—t71(210g77(xi/x1...xi_1)+ Z 1Og7r($i/-ri—k---xi—l))

i=1 i=k+1

for any k > s. According to the ergodic theorem there exists a limit

t
tlirglo ¢! Z logm(x;/xi—k ... xi—1),
i=k+1

which is equal to hy(7)%* . So, from the two last equalities we can see that
tlir(r)lo(— logm(zy...z))/t = — Z 7(v) Z 7(a/v)logm(a/v).
vEAR acA
Taking into account this equality, (1.54) and (1.53), we can see that
—logm(xy...x¢)—|p(z1...2)| > t( Z 7(v) Z 7(a/v)log(T(a/v)/m(a/v)))+o0(t)
vEAR a€A

for any k& > s. From this inequality and Claim 1.1 we can obtain that
—logm(zy...z¢) — |p(x1...7¢)| > ct+0(t), where c is a positive constant, t — oo.
Hence, (1.52) is true and the theorem is proven. O

Proof. [Theorem 1.7 ] Let us denote the critical set of the test T57(4, «) as Cy,
i.e., by definition, Co = {z1 ... 2t : (t—m)h} (z1...2¢) —|@(z1...2¢)]) > log(1/a)}.
From Claim 1.2 we can see that there exists such a measure ., that —log p,(21...2¢)
< |p(xy...xt)| . We also define

C, = {z1...xp: (t=m) by (z1...2¢) — (—log p(z1...2¢)) ) > log(1/ax)}. (1.55)

Obviously, C, D C,. Let 6 be any source from M,,(A). The following chain of
equalities and inequalities is true:

1> Nso(éa) = Z frp (21 - - )

xry...x¢ Géa

>a ! Z Qlt=mhy, (@1ze) > o1 Z O(zy...2) = 0(Cy).
xl...xteéa xl...acteéa
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(Here both equalities and the first inequality are obvious, the second and the third
inequalities follow from (1.55) and the Lemma, correspondingly.) So, we obtain
that 0(6‘0) < « for any source 8 € M,,(A). Taking into account that C, D Coa,
where C, is the critical set of the test, we can see that the probability of the Type
I error is not greater than «. The first statement of the theorem is proven.

The proof of the second statement will be based on some results of Information

Theory. We obtain from (1.29) that for any stationary and ergodic p
tlgglo t7Hp(z1.20)| = hoo(p) (1.56)

with probability 1. It can be seen from (1.23) that A}, is an estimate for
the m—order Shannon entropy (1.20). Applying the ergodic theorem we obtain
limy oo b, (21 ... 2¢) = Ay (p) with probability 1% . Tt is known in Information
Theory that hy,,(0) — hoo(0) > 0, if o belongs to My (A) \ M,,(A)> . It is sup-
posed that H{7 is true, i.e. the considered process belongs to My, (A) \ M,,(A).
So, from (1.56) and the last equality we obtain that lim; ..o ((t —m) k¥, (x1 ... 2) —
|o(21...2¢)]) = oo. This proves the second statement of the theorem. O

Proof. [Theorem 1.8] First we prove that with probability 1 there exists the
following limit lim;_, %log(p(xl c..x)/ry(xy ... x¢)) and this limit is finite and
nonnegative. Let A, = {x1,..., 2, : p(x1,...,2,) # 0}. Define

Zn(xy . oxy) =ry(xy . ozy)/p(ay .. 2y) (1.57)

HO P 7xn—1)

_ry(e . ..xn_l)EP (rU(xn|a:1 . ~-$n—1))

op(zy...mpg) p(xp|xy .. Tpo1)

_, 1/ ru(@p|ey ... op_1)dP(xp|zr .o Tpe1)
" A dP(znlTy 1)/ dMy (T2 - T)

for (z1,...,z,) € A and 2, = 0 elsewhere.
Since
ru(xr...xn)

Ep(zp|lri, ..., xn_1) =F
plalers ) =B (T2

= Zn_1 / ru(@pley .. xp_1)dMy(zp|z1 . 2p—1) < Zp—1
A

the stochastic sequence (z,, B") is, by definition, a non-negative supermartingale
with respect to P, with E(z,) < 1,*° . Hence, Doob’s submartingale convergence
theorem implies that the limit z, exists and is finite with P—probability 1 (see
[49, Theorem 7.4.1]). Since all terms are nonnegative so is the limit. Using the
definition (1.57) with P-probability 1 we have

lim p(z1...2,)/ru(x1...2p) >0,

lim log(p(z1...2n)/ru(z1. .. 2p)) > —00

n—oo
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and
lim n~! log(p(zy...2n)/rv(21 ... 2,)) > 0. (1.58)
n—oo
Now we note that for any integer s the following obvious equality is true:
ru(zy...xy) = ws,uU(:v[ls] e x,[fs})/Mt(x[ls] .. .x?]) (1+9) for some § > 0. From this
equality, (1.31) and (1.43) we immediately obtain that a.s.

1 e —1
lim L log 2T T) o Tlogwr
t—oo ¢ ru(ey...x¢) t—00 t
p(xy...2¢)

1
+ lim - log . . . .
t—oo t ;LU(x[l‘]...xE‘])/Mt(x[l‘]...x,[{})

1
< thm > log p(z1. .. 2)

. 1.59
—oo ¢ 2—|U(x[f]<..x£51)|/Mt(x[ls] o wgs]) ( )

The right part can be presented as follows:

; 11 p(xy...x)
Q2 108 S T T [s] [<]
2-IU @@ M (22 . 2™)

po(xy ... x¢) Mt(a:[ls] e chs])
o= U (2l

= lim -1
i, log

(1.60)

1 .
+lim L log 2L
t—00 p(x1...2)
Having taken into account that U is a universal code, (1.40) and the theorem 1.2,
we can see that the first term is equal to zero. From (1.39) and (1.42) we can see
that a.s. the second term is equal to hs — h. This equality is valid for any integer s
and, according to (1.44), the second term equals zero, too, and we obtain that
1 e
lim —log 7])(%1 zi)

<0.
t—oo ¢ TU<LE1 .. .a:t) -

Having taken into account (1.58), we can see that the first statement is proven.
From (1.59) and (1.60) we can can see that

s [s] [s]
B log PEL ) o PG 0) Mafar” i)
ru(@1... @) 91U (z1™ x|
p(z1...2)
+FE log ————. 1.61
gps(l'l,...7xt) ( )

The first term is the average redundancy of the universal code for a finite- alphabet
source, hence, according to the theorem 1.2, it tends to 0. The second term tends
to hy — h for any s and from (1.44) we can see that it is equals to zero. The second
statement is proven. O
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Proof. [Theorem 1.9] Obviously,

t71
1
; P(zmt1 € Bmt1|®1...m) — Ru(Tm41 € Bm+1|m1...xm))2) < (1.62)
m:O
=
n E(|P(m+1 € Bmi1|T1.--Zm) — Ru(m+1 € Bmyi|or...xm)|+
m=0

|P(£Cm+1 S Bm+1|1}1...$m) — RU(.’Em+1 S Bm+1|$1~~~$m)|)2~

From the Pinsker inequality (1.5) and convexity of the KL divergence (1.6) we
obtain the following inequalities

t—1

1
; E |P Tm+1 € Bm_H‘ZEl .’,Em) RU(JSm_H S Bm+1|171~-~13m)‘+ (163)
m=0
IP($m+1 (S Bm+1|$1...$m) — RU(J?"H_l (S Bm+1|1‘1...$m)|)2 <
const i B(( P(zym41 € Bg1|z1.--Tm) log P(2pmi1 € Bogil|or..vm)
= RU Tmy1 € Brug1l|T1...20m) Ry(my1 € Bmg1|T1...2m)
const < P(Tmt1|T1.-Tm)
m—+1|Lleeebm
P(Tmat|®r...xm))lo dM)dM,,
WZ/ ) [ plonialer .z og DT gpya,),

Having taken into account that the last term is equal to <2t F(log M) from
t ru(zy...x)/?

(1.62), (1.63) and (1.46) we obtain (1.47). ii) can be derived from i) and the Jensen

inequality for the function z2. O

Proof. [Theorem 1.10] The last inequality of the following chain follows from the
Pinsker’s one, whereas all others are obvious.

/f p(z|zy...Tm) dMpy, /f Yru ()@ 2 ) dMy)?

= (/f(x) (p(z)21..2m) — 10 (2|21 20 ) dM,, )?

IN

MQ(/(p(ﬂxl...xm) —ry(z|@y.zm)) dM,,)?

< M?(/ (@[22 2m) — 70 (] 100 | M)

p(z|zy...Tm)

dM,,.
ru(x)|Ty...tm)

< const/p(x|x1‘..xm) log
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From these inequalities we obtain:

E( z_: (/ f@)plz|zy...om) dMy,—
m=0
[ @ el i) < (1.64)

t—1
Z constE(/ p(z|z1.Tm) logMdMl/m).
m=0

ru(z|xy.xm)

The last term can be presented as follows:

t—1

Z E(/p(x\xlxm) log Mdl\ﬁ/m) =

— ru(z|zy.axm)

;z_jo/p(xl...xm)

/p(m|x1...xm)log MdMl/mde
ru(z|xy.am)

= / p(xy...w) log(p(xy...wy) /ry (1.2 ) ) A M.

From this equality, (1.64) and Corollary 1 we obtain (1.48). ii) can be derived from
(1.64) and the Iensen inequality for the function x2. O

Proof. [Theorem 1.11] The following chain proves the first statement of the the-
orem:

P{H}(A) isrejected /Hyistrue} = P{U{HS‘(AZ) is rejected /Hyistrue}} <
i=1

s

ZP{H@I(AZ-) /Hpistrue} <Y (aw;) = a.
i=1

i=1

(Here both inequalities follow from the description of the test, whereas the last
equality follows from (1.24).)

The second statement also follows from the description of the test. Indeed, let
a sample is created by a source g, for which H;(A)Y is true. It is supposed that
the sequence of partitions A discriminates between HY(A), HR(A). By definition, it
means that there exists j for which H}'(A;) is true for the process ga,. It immedi-
ately follows from Theorem 1.1 - 1.4 that the Type II error of the test Tf; (A, awj)
goes to 0, when the sample size tends to infinity. |
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1.9. A list of terminologies/keywords
Empirical Shannon entropy of order k.

cin Uz (v) vy (va) o v, (va)
M@= 2 oh 4w W

veAk a€A

where x = x1...2¢, U2(v) = D> ,c4Ve(va). In particular, if & = 0, we obtain
Bo(@) = —171 e vala) log(va(a) /1)

Goodness-of-fit testing. The hypothesis H? is that the source has a particu-
lar distribution 7 and the alternative hypothesis Hi? that the sequence is generated
by a stationary and ergodic source which differs from the source under Hge.

i.i.d. sources generates independent and identically distributed random vari-
ables.

Krichevsky predictor for i.i.d. sources. Lg(alzi - 2:) = (Vay.a,(a) +
1/2)/(t + |A|/2), where vy, ..., (a) denotes the count of letter a occurring in the
word x1 ...Ti_1T4.

Kullback-Leibler (KL) divergence.

D(P,Q) =) P(a)log

a€A

P(a)
Q(a)’

where P(a) and Q(a) are probability distributions over an alphabet A (here and
below log = log, and 0log0 = 0).

Laplace predictor for i.i.d. sources. Lg(alry - x¢) = (Va0 (a) +
1)/(t + |A]), where v, ..., (a) denotes the count of letter a occurring in the word
L1...X¢-1T¢.

Markov sources of order (or with memory) m, m > 0.

N(xt+1 = ail|$t = Qjy, Tp—1 = Qjgy oo s Ttom41 = iy gy )

= u(Tt41 = i) [T = iy, Te1 = Giyy ooy, Ty 1 = G4y )

for all t > m and a;,, as,,... € A.
Measure R.

R(.’El....’tt) = Z Wi+1 Ki(l'l...l't),
=0

where K; is the Krichevsky predictors for the set of i-memory Markov sources,
{w = wi,wy,...} is the following probability distribution on integers: w; = 1 —
1/1og3, ..., w; =1/log(i+1) —1/log(i +2), ....

Pinsker inequality.

P(a) _ loge
;P(a) log Q@) > —

where ||P = Q|| = 3 2,c 4 [P(a) = Q(a)].

1P - QP
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Serial independence test. The null hypothesis H(‘)gf is that the source is
Markovian of order not larger than m, (m > 0), and the alternative hypothesis H{’
that the sequence is generated by a stationary and ergodic source which differs from
the source under Hy!. In particular, if m = 0, this is the problem of testing for
independence of time series.

Shannon entropy for the i.i.d. source P is

ho(P) = — X4 Pla) log P(a).

The m— order (conditional) Shannon entropy and the limiting Shannon entropy
are defined as follows:

hm(P) = > P(v) Y P(a/v)log P(a/v), hoo(7) = lim_hi(P).
vEA™ a€A

Stationary ergodic processes. The time shift T on A is defined as
T(x1,22,23,...) = (x2,23,...). A process P is called stationary if it is T-invariant:
P(T71B) = P(B) for every Borel set B C A®. A stationary process is called er-
godic if every T-invariant set has probability 0 or 1: P(B) = 0 or 1 whenever
T-'B=B.

Universal code. U is a universal code if for any stationary and ergodic source
P the following equalities are valid:

tlim |U(z1...24)|/t = hoo(P)
with probability 1, and
flirrolo E(JU(zy...2:)])/t = hoo(P),

where E(f) is the expected value of f, hoo(P) is the Shannon entropy of P, see
(1.21).
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