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andYn conditioned on the eventfZn > 0gmeaning that a random tree
has depth at leastn.

Theorem 3: In the subcritical case,� < 1, asn ! 1, the prob-
ability distribution ofZnjfZn > 0g converges to a limit probability
distribution, and ifE(Z1 log Z1) < 1, then

lim
n!1

E(ZnjZn > 0) =
1

c
(22)

lim
n!1

Var(ZnjZn > 0) =
�2

c �(1� �)
�

1

c2
(23)

wherec is the same positive constant as in (14).
In the critical case� = 1, if 0 < �2 < 1, then

lim
n!1

Pr
Zn

n
> zjZn > 0 = e

�2z=�
; z � 0 (24)

E(ZnjZn > 0) �
�2

2
n (25)

Var(ZnjZn > 0) �
�4

4
n
2
: (26)

The probability distribution of the conditioned random variable
YnjfZn > 0g is not treated in the standard books on branching
processes like [8] and [2]. Nevertheless, the previous theorems and the
results regarding the conditioned random variableZnjfZn+k > 0g
presented in [2] lead us to conclude that in the subcritical case

E(YnjZn > 0) = O(n)

and

Var(YnjZn > 0) = O(n2)

whereas in the critical case

E(YnjZn > 0) = O(�2n2)

and

Var(YnjZn > 0) = O(�4n4):
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Fast and Efficient Construction of an Unbiased Random
Sequence

Boris Ya. Ryabko and Elena Matchikina

Abstract—The problem of converting a sequence of symbols generated
by a Bernoulli source into an unbiased random sequence is well-known
in information theory. The proposed method is based on Elias’ algorithm
[5] in which the sequence of symbols is divided into blocks of length

1. We suggest a new method of constructing an unbiased
random sequence which uses ( log ) bits of memory and takes
(log log log( )) bit operations per letter.

Index Terms—Efficiency, fast coding, redundancy, unbiased random se-
quence.

I. INTRODUCTION

We consider the problem of fast and efficient construction of an
output sequencez = (z1; z2; � � � ; zm; � � �) of statistically indepen-
dent and equiprobable binary digits from an input binary sequence
x = (x1; x2; � � � ; xn; � � �) generated by a Bernoulli sourceS which
choosesxn from f0; 1g independently with biasp : Prfxn=1g= p;
Prfxn=0g=1�p for alln; p unknown but fixed,0 < p < 1. In recent
years many investigators have been interested in this problem (see, for
example, the survey in [10] and [11]). In general, the efficiency of such
a construction is characterized by redundancyr which is defined as the
difference between the Shannon entropyH and the efficiency�N intro-
duced by Elias in [5]. Elias in [5] gives the following definition of the
efficiency�N of method of converting the blockxN = (x1; � � � ; xN )
of the input sequencex into the output blockzK = (z1; � � � ; zK): �N
is the average of the ratiosK=N , averaged with respect to probabilities
of appearingxN in an input sequence. The redundancy, of course, de-
pends on the Bernoulli source, so we consider the maximum (supreme)
redundancy over the set of all Bernoulli sources generating letters from
f0; 1g, and, for brevity, we call it redundancy, as before. We consider
the problem of constructing an unbiased random sequence with arbi-
trarily small redundancy.

Besides the redundancy, the complexity of the construction can be
assessed by the memory size(M) required by the encoder, as well as by
the average time(T ) of encoding one symbol measured by the number
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of binary operations on single-bit words when it is implemented on a
computer with random-access memory. For a discussion of this natural
model, see [1].

In 1951, von Neumann described in [7] a procedure of generating an
unbiased random sequence using on each of the pairsx1x2; x3x4; � � � ;
the mapping

00! �; 01! 0; 10! 1; 11! � (1)

where� represents no output digit. The redundancy of this procedure

r = p log
1

p
+ (1� p) log

1

1� p
�

1

2
(2p(1� p) + 2p(1� p))

and attains its maximal value whenp = 1

2
. (Here and belowlog x =

log2 x.)
Elias proposed in [5] a block encoding for converting an input se-

quence of symbols generated by a stationary random process into a
sequence of independent, equiprobable output symbols withr ! 0
whenN ! 1, whereN is the length of a block. We give a short
description of the main idea of encoding proposed by Elias. Divide
the set of all2N possible input binary blocks of lengthN intoN + 1
classesSk; k = 0; � � � ; N . Every classSk is composed of all the bi-
nary blocks of lengthN with k ones.

Define mk = blog2 jSkjc, wherebyc is the largest integer not
greater thany. Let jSkj = (�m ; �m �1; � � � ; �0) be a binary
notation of the integerjSkj =

N

k
; �m = 1; �j 2 f0; 1g; mk >

j � 0: If �j = 1; 0 � j � mk then arbitrarily assign the2j possible
output binary sequences of lengthj to 2j distinct members fromSk
which have not been yet assigned. IfjSkj is odd then one member of
Sk will be assigned to the empty sequence.S0 andSN have only one
element each, which is therefore assigned to the empty sequence. To
help illustrate the Elias encoding we provide the following example.
Let N = 4. Then

S0 = f(0;0; 0; 0)g

S1 = f(1; 0; 0; 0); (0; 1; 0; 0); (0; 0; 1; 0); (0; 0; 0; 1)g

S2 = f(0; 0; 1; 1); (0; 1; 0; 1); (0; 1; 1; 0); (1; 1; 0; 0);

(1; 0; 1; 0); (1; 0; 0; 1)g

S3 = f(1; 1; 1; 0); (1; 0; 1; 1); (1; 1; 0; 1); (0; 1; 1; 1)g

S4 = f(1; 1; 1; 1)g:

The binary notations ofjSij; i = 0; 1; 2; 3; 4, arejS0j = (1); jS1j =
(1; 0; 0); jS2j = (1; 1; 0); jS3j = (1; 0; 0); jS4j = (1). According
to the Elias encoding we have the mapping

(0; 0; 0; 0)! �; (1; 1; 1; 1)! �;

(1; 0; 0; 0)! (0; 0); (0; 1; 1; 1)! (0; 1);

(0; 1; 0; 0)! (0; 1); (1; 0; 1; 1)! (1; 0);

(0; 0; 1; 0)! (1; 0); (1; 1; 0; 1)! (1; 1);

(0; 0; 0; 1)! (1; 1); (1; 1; 1; 0)! (0; 0);

(1; 1; 0; 0)! (1); (0; 0; 1; 1)! (0; 1);

(0; 1; 0; 1)! (0); (1; 0; 1; 0)! (1; 0);

(0; 1; 1; 0)! (0; 0); (1; 0; 0; 1)! (1; 1):

In caseN = 2 we have the von Neumann mapping (1). Elias proved
that the redundancy of this coding isr = O(1=N) and, therefore,
r ! 0 whenN ! 1. A naive implementation of this method re-
quired one to store all2N codewords. That is why the memory size of
the encoder increases exponentially whenN grows. In Section II, we
suggest a fast method for the Elias encoding which does not require
exponential memory size. This method is based on the method of enu-
merative encoding from [8] and uses the Schönhage–Strassen method
for fast integer multiplication.

II. THE FAST METHOD

Let x = (x1; x2; � � � ; xn; � � �) be a sequence of binary
digits generated by a Bernoulli source with probabilities
Prfxn = 1g = p; Prfxn = 0g = 1 � p. We shall not en-
code individual digits, but blocks of lengthN . Denote byxN such a
block.

Let xN containk ones. LetNum (xN) be a number which corre-
sponds toxN when we lexicographically order setSk. To enumerate
the set of binary words of lengthN with fixed numbers of ones in the
lexicographical order we exploit an enumerative code from [2]–[4], [6].
If xN hask ones the numberNum (xN ) is given by

Num(xN) =

N

t=1

xtN � t

k �
t�1

i=1

xi
: (2)

Let us enumerate the elements ofS2 from the previous example.
According to (2) we have

Num ((1; 1; 0; 0)) =
4� 1

2
+

4� 2

2� 1
= 5;

Num ((0; 1; 1; 0)) =
4� 2

2
+

4� 3

2� 1
= 2;

Num ((0; 0; 1; 1)) =
4� 3

2
+

4� 4

2� 1
= 0;

Num ((0; 1; 0; 1)) =
4� 2

2
+

4� 4

2� 1
= 1;

Num ((1; 0; 0; 1)) =
4� 1

2
+

4� 4

2� 1
= 3;

Num ((1; 0; 1; 0)) =
4� 1

2
+

4� 3

2� 1
= 4:

We suggest a new method for encoding which uses (2). According to
our method the codewordcode (xN) for every blockxN is constructed
as follows:

i) We begin by computing the numberNum (xN) in the setSk, if
xN containsk ones.

ii) Let the integerjSkj =
N

k
be presented by2j + 2j + � � � +

2j ; 0 � j0 < j1 < � � � < jm. If 0 � Num(xN) < 2j

then the codewordcode (xN) is j0 low-order binary digits of
Num (xN ). In particular, ifj0 = 0 then the codeword forxN

with Num (xN) = 0 will be the empty string. If
t

s=0

2j � Num(xN) <

t

s=0

2j + 2j

for somet; t = 0; � � � ;m then the codewordcode (xN) is a
suffix consisting ofjt+1 binary digits ofNum (xN).

It may be shown that the running time of calculation according to (2)
is not greater thancN2 bit operations,c > 0; c = const. In order to
develop a faster method, rewrite (2) in the following way:

Num(xN) =
N

k
� x1

N � 1

k

N

k

+ x2

N � 2

k �
1

i=1

xi

N � 1

k �
1

i=1

xi

�

N � 1

k �
1

i=1

xi

N

k

+ � � � :
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We shall define the subsidiary values fort = 1; � � � ; N needed in
the encodingxN as in [9]. Define

p(xt=x1; � � � ; xt�1) =

N � t

k �
t

i=1

xi

N � t+ 1

k �
t�1

i=1

xi

q(xt=x1; � � � ; xt�1) =xt

N � t

k �
t�1

i=1

xi

N � t+ 1

k �
t�1

i=1

xi

:

Obviously,

Num (x1; x2; � � � ; xN ) = jSkj(q(x1) + q(x2=x1)p(x1)

+ q(x3=x2; x1)p(x2=x1)p(x1) + � � �):

(3)

To computeNum (xN) we use the fast method of enumerative
coding which is proposed in [9]. For simplicity we supposelogN to
be an integer. In general, we can add the letters0 to every word of
Sk in order to makelogN an integer. It does not changejSkj or the
complexity of the code. To carry out (3) define the values

�01 = p(x1); �
0
2 = p(x2=x1); � � � ; �

0
N = p(xN=x1; � � � ; xN�1)

�01 = q(x1); �
0
2 = q(x2=x1); � � � ; �

0
N = q(xN=x1; � � � ; xN�1):

(4)

All calculations are performed in the following way:

�st = �s�12t�1�
s�1
2t ; �st = �s�12t�1 + �s�12t �s�12t

s = 1; 2; � � � ; logN; t = 1; � � � ; N=2s: (5)

It is not difficult to see that

Num (xN) = jSkj�
logN
1 : (6)

Let us give an example. GivenN = 4; k = 2; and blockxN =
(1; 0; 0; 1). From (4) we obtain

�01 = p(x1) =
2

4� 1 + 1
=

1

2

�02 = p(x2=x1) = 1�
2� 1

4� 2 + 1
=

2

3

�03 = p(x3=x1; x2) = 1�
2� 1

4� 3 + 1
=

1

2

�04 = p(x4=x1; x2; x3) =
2� 1

4� 4 + 1
= 1

�01 = q(x1) =
1

2

�02 = q(x2=x1) = 0

�03 = q(x3=x1; x2) = 0

�04 = q(x4=x1; x2; x3) = 0:

According to (5) we compute the values

�11 = �01�
0
2 =

1

2
�
2

3
= 1

3

�12 = �03�
0
3 =

1

2
� 1 =

1

2

�11 =�01 + �02�
0
2 =

1

2

�12 =�03 + �04�
0
4 = 0

�22 =�11 + �12�
1
2 =

1

2
:

So from (6) we obtainNum ((1; 0; 0; 1)) = 3. Of course, the cal-
culation according to the formula (2) gives the same result.

Theorem: Let x = (x1; x2; � � � ; xn; � � �) be a sequence of
binary digits generated by a Bernoulli source with probabilities
Prfxn = 1g = p; Prfxn = 0g = 1 � p; p unknown but fixed,
0 < p < 1. The proposed method for converting the input sequencex
into the sequencez of independent equiprobable output symbols has
the following properties:

i) the redundancyr = O(1=N);
ii) the time of encoding per letterT = O(log3N log logN) bit

operations;
iii) the memory size of the encoderM = O(N log2N) bits;

whereN is the length of block.
Proof: Obviously, the redundancy of Elias’ method and the re-

dundancy of our method are the same. This implies immediately the
claim i).

For the sake of simplicity of the proof of ii) we assume thatlogN
is an integer. All calculations are carried out with rational numbers
and all�st and�st are fractions and presented as pairs of integers. The
Shönhage–Strassen method is used for multiplication (see [1]). For this
method the timeT (L) of multiplication of two binary numbers withL
digits (and the time of division into a number withL digits) is given by

T (L) = O(L logL log logL): (7)

It is not difficult to see that the notation of every
p(xt=x1; � � � ; xt�1) and q(xt=x1; � � � ; xt�1) uses 2 logN bits
(logN for the numerator andlogN for the denominator). That is why
the calculation of�1t ; t = 1; � � � ; N=2 according to (5) takes2(N=2)
multiplications of numbers withlogN digits and the calculation of
�1t ; t = 1; � � � ; N=2 according to (5) and the common formula
a=b+c=d = (ad+bc)=(bd) takes3(N=2)multiplications of numbers
of length logN bits. The calculations of�2t ; �

2
t ; t = 1; � � � ; N=4,

take 5(N=4) multiplications of numbers of length2 logN bits.
Similarly, the calculation of�it; �

i

t; t = 1; � � � ; N=2i takes5(N=2i)
multiplications of numbers of length2i logN bits. From (7) we
obtain that the general time of calculations is

(5N=2)O(logN log logN log log logN)

+ (5N=4)O(2 logN log(2 logN) log log(2 logN))

+ � � � (5N=2i)O(2i logN log(2i logN) log log(2i logN))

+ � � �+ 5O(N logN log(N logN) log log(N logN))

bit operations. It is easy to see that the last value is not greater than

O(N log2N log(N logN) log log(N logN))

bit operations. It yieldsO(log3N log logN) bit operations per letter
for the calculation of�logN1 . In order to obtainNum (xN) we should
calculate the productjSkj�

logN
1 from (6). Obviously,jSkj < 2N and

the binary notation of the numbersjSkj and�logN1 takes not more
thanN logN bits. From (7) we obtain that the time of calculation of
jSkj�

logN
1 isO(log2N log logN)bit operations per letter. Computing

the codewordcode (xN) usingNum (xN ) takes not more thanO(1)
bit operations per letter. Finally, we have the claim ii).

In order to estimate the memory size we note that when we cal-
culate�ik; �

i

k we can store only�i�1
k

; �i�1
k

; i = 2; � � � ; logN , the
same memory is used to storef�i�1

k
; �i�1

k
; k = 1; � � � ; N=2i�1g

andf�ik; �
i

k; k = 1; � � � ; N=2ig. The memory size required for com-
puting the codewordcode (xN) usingNum (xN) is O(N) bits (we
have to store the binary notation of the integerjSkj =

N

k
). From this

we easily obtain iii) and the theorem is proved.

Let us consider an example of constructing an unbiased random se-
quence from the given input sequence. Let

x = (1; 1; 1; 0; 1; 1; 0; 0; � � �):
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We shall encode the block of lengthN = 4. First, we com-
pute Num((1; 1; 1; 0)). According to (4)–(6) we obtain
Num ((1; 1; 1; 0)) = 3. The binary notation of the integer
jS3j is (1; 0; 0). So 0 � Num((1; 1; 1; 0)) < 22, and we have
to take the first two binary digits ofNum ((1; 1; 1; 0)) as a code-
word (code ((1; 1; 1; 0)) = (1; 1)). In the same way we calculate
code ((1; 1; 0; 0)) = (0; 1). To obtain the output sequencey we have
to concatenate all codewords. Finally, we have the output sequence
y = (1; 1; 0; 1; � � �).
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Extraction of Optimally Unbiased Bits from a Biased
Source

Mats Näslund and Alexander Russell

Abstract—We explore the problem of transforming independent and
identically biased 1 1 -valued random variables into
a single 1 1 random variable ( ), so that this result
is as unbiased as possible. In general, no function produces a completely
unbiased result. We perform the first study of the relationship between the
bias of these and the rate at which ( ) can converge
to an unbiased 1 1 random variable (as ).

A 1 1 random variable has bias if ( ) = . Fixing a bias ,
we explore the rate at which the output bias ( ( )) can
tend to zero for a function : 1 1 1 1 . This is accom-
plished by classifying the behavior of the natural normalized quantity

�( )
�

= inf lim ( ( 1 ))

this infimum taken over all such .
We show that for rational , �( ) = (1 ), where (1 + 2) =

( ) ( and relatively prime). Developing the theory of uniform distri-
bution of sequences to suit our problem, we then explore the case whereis
irrational. We prove a new metrical theorem concerning multidimensional
Diophantine approximation type from which we show that for (Lebesgue)
almost all biases , �( ) = 0. Finally, we show that algebraic biases ex-
hibit curious “boundary” behavior, falling into two classes.

Class 1. Those algebraics for which �( ) 0 and, furthermore,
�( ) where and are positive constants de-

pending only on ’s algebraic characteristics.

Class 2. Those algebraics for which there exist 0 and :
1 1 1 1 so that ( ( )) = 0.

Notice that this classification excludes the possibility that

( ( 1 ))

limits to zero (for algebraics).
For rational and algebraic biases, we also study the computational

problem by restricting to be a polynomial time computable function.
Finally, we discuss natural extensions where output distributions other
than the uniform distribution on 1 1 are sought.

Index Terms—Bias, computation, Diophantine approximation, random-
ness, random variables, type.

I. INTRODUCTION

The general problem of producing unbiased random bits from an
imperfect random source has received enormous attention. This study
essentially began with von Neumann [1] in 1951 and, following his
work, a variety of models of such “imperfect sources” have been de-
fined and studied. We study the problem of transformingn indepen-
dent random bitsX1; � � � ; Xn, each of fixed biasb, into a single bit
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